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Abstract

We study strong coresets for ℓp subspace approximation. Given A ∈ Rn×d, the goal is to
sample and rescale a small number of its rows to form SA such that

∥SA(I − PF )∥p
p,2 = (1± ε)∥A(I − PF )∥p

p,2

simultaneously for every subspace F ⊆ Rd of dimension at most k, where PF is the orthogonal
projector onto F . Woodruff and Yasuda (FOCS 2025) [WY25] obtained coreset sizes Õp(kε−4/p)
for 1 ≤ p < 2 and Õp(kp/2ε−p) for p > 2. We improve these bounds to Õp(kε−2) and Õp(kp/2ε−2),
respectively. For 1 ≤ p < 2, our algorithm runs in Õp(nnz(A) + dω + kε−2) time. The resulting
coreset size matches the known sampling lower bound [LWW21] up to logarithmic factors when
k+ 1 ≥ C log(1/ε) for an absolute constant C. For p > 2, our algorithm runs in Õp(nnz(A) + dω)
time, matching the running time of the Woodruff–Yasuda framework.

We use different techniques in the two regimes. For 1 ≤ p < 2, we combine a bicriteria
low-rank split with Lewis-weight sampling and empirical-process bounds independent of the
output dimension. For p > 2, we give a sharper analysis of the Woodruff–Yasuda construction.
By retaining the truncation in its sampling probabilities throughout the row-count recurrence,
we show that it achieves the improved ε−2 dependence.

1 Introduction
Subspace approximation is a basic primitive for representing high-dimensional data by a low-
dimensional linear model [DV07, DTV11, SV12, CW15]. Given a collection of points, the goal is
to find a low-dimensional subspace that minimizes the aggregate distance of the points from that
subspace. This model underlies classical dimensionality reduction as well as robust variants of
low-rank approximation.

Let A ∈ Rn×d have rows a⊤
1 , . . . , a

⊤
n . For a subspace F ⊆ Rd, let PF denote the orthogonal

projector onto F . For p ≥ 1, the ℓp subspace approximation cost of F is

costA(F ) := ∥A(I − PF )∥pp,2 =
n∑

i=1
∥a⊤

i (I − PF )∥p2.

Writing Fk for the set of subspaces of dimension at most k, the optimization problem is

OPTA := min
F ∈Fk

costA(F ).
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The case p = 2 is principal component analysis and is solved by the singular value decomposition.
The case p = 1 includes the median hyperplane problem, while larger values of p increasingly
emphasize points with large residuals and give finite-p relaxations of the center hyperplane objective.
Except for the Euclidean case p = 2, these problems are generally computationally hard [DTV11,
GRSW12, CW15].

This hardness makes data reduction especially consequential. A common route to an approx-
imation algorithm is to first replace the input by a much smaller instance and then run a more
expensive optimization routine on that instance; the size of the reduced instance therefore directly
affects both the storage cost and the eventual running time [FMSW10, CW15]. The central target
is a dimension-independent summary: its size may depend on the intrinsic rank k, the accuracy ε,
and the fixed exponent p, but not on either the number of points n or the ambient dimension d.

Coresets provide such summaries while retaining the geometric objective. A row-sampling and
rescaling matrix S represents a (1± ε) strong row coreset if it is supported on few input rows and
satisfies

costSA(F ) = (1± ε) costA(F ) simultaneously for every F ∈ Fk.

Equivalently, the coreset is a small weighted subset of the input points that preserves every rank-at-
most-k subspace cost. If it contains m rows, its row span has dimension at most m, so rotational
invariance also allows the retained instance to be represented in at most m dimensions. Thus a
bound m = poly(k/ε) removes both n and d from the size of the optimization instance.

The uniformity over F is the defining strength of this guarantee. An optimizer for the sampled
instance immediately yields an approximate optimizer for the original data, but the same sample
can also be reused for many queries, for an adaptively chosen candidate subspace, or for a restricted
family of subspaces imposed only after preprocessing. These applications are not covered by a weak
coreset, which need only preserve the optimum value or an approximate minimizer [FL11, HV20].
A strong coreset is therefore a reusable surrogate for the entire objective rather than only for one
optimization run.

There is also an important distinction between a coreset supported on the original input rows
and a reduced instance consisting of modified points. Earlier dimension-independent constructions
append an extra coordinate to each retained point [SW18, FKW21]. Such a construction still
gives a compact representation, but it is not a weighted subset of the original dataset. A true
row-subset coreset preserves the ambient representation and the sparsity pattern of every retained
row, maintains a direct correspondence between sampled and original points, and can be passed to
downstream routines without adapting them to an additional coordinate. The distinction is also
theoretically meaningful: the known sampling lower bounds concern weighted subsets of the input
rows [LWW21, WY23].

Obtaining dimension independence, a true row subset, nearly optimal rank dependence, and an
efficient construction simultaneously was the main obstacle. Sohler and Woodruff [SW18] achieved
dimension-independent size with nearly optimal dependence on k, but used modified points and
an exponential-time construction. Subsequent work either retained the extra coordinate and lost
additional polynomial factors [FKW21], or produced true row subsets with polynomially worse
dependence on k [HV20]. The natural benchmark is Õ(k) rows for p < 2 and Õ(kp/2) rows for p > 2,
with polynomial dependence on 1/ε [LWW21, WY23].

Woodruff and Yasuda [WY25] reached this benchmark in the rank parameter. They obtained
the first dimension-independent strong row coresets with nearly optimal dependence on k for every
p ≠ 2, together with a Õ(nnz(A) + dω)-time construction. Their framework recursively samples
rows according to root ridge leverage scores and returns Õp(kε−4/p) rows for 1 ≤ p < 2. For p > 2,
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its row count is
kp/2

εp

(
log k

εδ

)O(p2)
.

This result resolves the dimension and rank dependence, but it leaves the accuracy dependence open.
For 1 ≤ p < 2, the ε−4/p upper bound is separated from the sampling lower bound Ω̃p(kε−2) by a
polynomial factor [LWW21]. For p > 2, their one-round sampling theorem is applied recursively,
and the analysis of the resulting row-count recurrence produces the factor ε−p. It is not immediate
whether this factor is required by the sampling rule itself.

What is the right dependence on ε for dimension-independent strong row coresets for ℓp
subspace approximation?

1.1 Related work

Coresets and sketches for high-dimensional geometric approximation have been studied through
dimensionality reduction, sensitivity sampling, and matrix sampling techniques [FMSW10, FL11,
VX12]. Earlier work developed sampling-based dimension reduction and approximation algorithms
specifically for subspace objectives [DV07, DTV11, SV12]. For squared Euclidean objectives,
Feldman, Schmidt, and Sohler developed dimension-independent reductions for PCA and projective
clustering [FSS20]. Sohler and Woodruff subsequently obtained the first strong coresets for subspace
approximation whose size is independent of both n and d for constant p, using a representative
subspace and points with an appended coordinate rather than a weighted subset of the original
rows [SW18]. Their construction achieves the desired dependence on k but runs in exponential time,
and the appended coordinate means that downstream algorithms must be adapted to the modified
instance. Feng, Kacham, and Woodruff reduced the running time to polynomial for sum-of-distances
objectives, while retaining the appended coordinate and losing additional polynomial factors in the
coreset size [FKW21].

A complementary line of work seeks coresets supported on the input rows. Huang and Vishnoi
obtained the first dimension-independent strong coresets of this form through sensitivity sampling,
but their size loses polynomial factors in the rank parameter [HV20]. Woodruff and Yasuda
developed offline and online subset-selection algorithms and online strong coresets for ℓp subspace
approximation [WY23]. Lewis-weight sampling is a central tool for ℓp subspace embeddings when
p < 2 [CP15], and Munteanu and Omlor’s ℓ2-augmentation framework provides a related Õp(dε−2)
sensitivity bound for subspace embeddings [MO24].

1.2 Our results

Our results obtain ε−2 dependence in both regimes. For 1 ≤ p < 2, the first theorem closes the gap
with the sampling lower bound, up to logarithmic factors. Its pre-sparsified implementation makes
these factors independent of n.

Theorem 1.1 (Strong row coresets for 1 ≤ p < 2). Fix 1 ≤ p < 2. Given A ∈ Rn×d, 1 ≤ k < d,
and ε ∈ (0, 1/2), there is a randomized algorithm running in

Õp

(
nnz(A) + dω + kε−2

)
time that outputs a reweighted row subset SA supported on at most

Cpkε
−2
(

log Cpk

ε

)Cp
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rows such that, with probability at least 2/3,

costSA(F ) = (1± ε) costA(F ) simultaneously for every F ∈ Fk.

The sampled rows and their weights do not depend on F .

When k + 1 ≥ C log(1/ε), the sampling lower bound of Li, Wang, and Woodruff [LWW21]
implies Ω̃p(kε−2) rows. Thus Theorem 1.1 is optimal in that parameter range. The upper bound
itself holds without these additional restrictions.

For p > 2, the ε−p dependence is not intrinsic to the Woodruff–Yasuda construction. We keep
their one-round sampling probabilities and recursive framework, but a sharper row-count analysis
yields ε−2 dependence while preserving the kp/2 dependence and nearly input-sparsity running time.

Theorem 1.2 (Strong row coresets for p > 2). Fix p > 2. There is a constant Cp ≥ 1 such that the
following holds. Given A ∈ Rn×d, 1 ≤ k < d, and ε, δ ∈ (0, 1/2), there is a randomized algorithm
running in

Õp
(
nnz(A) + dω)

time that outputs a row-sampling matrix S such that, with probability at least 1− δ,

costSA(F ) = (1± ε) costA(F ) simultaneously for every F ∈ Fk,

and
nnz(S) ≤ Cpk

p/2

ε2

(
log Cpk

εδ

)p+5
.

The logarithmic exponent p + 5 is a convenient explicit bound and is not optimized. Thus
Theorem 1.2 improves the best known row-subset upper bound from ε−p to ε−2 and reduces the
logarithmic exponent from O(p2) to O(p). Taken together, the two theorems give the dimension-
independent size bound

Õp

(
kmax{1,p/2}ε−2

)
for every fixed p ∈ [1,∞) \ {2}, with the regime-specific running times stated above.

1.3 Technical overview

The case 1 ≤ p < 2. To see the main difficulty, consider sampling indices I1, . . . , Im independently
from a distribution q and estimating, for each query subspace F ,

costA(F ) =
∑

i

∥QFai∥p2 by ĈF := 1
m

m∑
s=1

∥QFaIs∥
p
2

qIs

, QF = I − PF .

For any fixed F , this estimator is unbiased. If qi is chosen according to the largest relative
contribution that row i can make to a query, then no summand is too large, and Bernstein’s
inequality gives concentration for that particular F . However, a strong coreset requires uniform
concentration over all F ∈ Fk. A standard ε-net argument would cover Fk and take a union bound
over the net, but the required covering number depends on the ambient dimension d. We instead
need a dimension-independent uniform concentration bound governed only by k.

We first explain the argument assuming that we are given a subspace F0, spanned by Õ(k) rows
of A, with

r := dim(F0) = Õ(k), OPTA := min
F ∈Fk

costA(F ), ∥A(I − PF0)∥pp,2 ≤ Γ0OPTA,

4



where Γ0 depends only on p. Thus F0 has low dimension and its projection residual is within a
constant factor of the optimal rank-k cost. For each input row ai, a sketched regression computes
a fitted vector bi ∈ F0, and we set ei = ai − bi. Let B and E be the matrices with rows bi and ei,
respectively. The regression guarantee gives

A = B + E, rowspan(B) = F0, rank(B) = r, R := ∥E∥pp,2 =
∑

i

∥ei∥p2 ≤ ΓOPTA,

where Γ depends only on p. This split serves two different purposes. The rows bi of B lie in an
r-dimensional space and can therefore be controlled by Lewis weights. The residual E may have
high rank, but its total mass is bounded by every query cost, since R ≤ ΓOPTA ≤ Γ costA(F ).

Let wi be the ℓp Lewis weight of bi, and, when R > 0, let ρi = ∥ei∥p2/R be the fraction of the
residual mass in row i. The vector-valued Lewis-weight sensitivity bound in Lemma 2.12 shows that,
for every F ,

∥QF bi∥p2 ≤ wi

∑
j

∥QF bj∥p2.

Moreover, the triangle inequality and the bound on R imply
∑

j∥QF bj∥p2 = Op,Γ(costA(F )). Since
QF is a contraction, ∥QF ei∥p2 ≤ ∥ei∥p2 = ρiR ≤ Γρi costA(F ). Thus wi and ρi control the low-rank
and residual contributions of row i, respectively.

Set D = k + r, define the unnormalized balanced scores

si ≍p,Γ wi +Dρi, qi = si∑
j sj

.

Set
m = Õp(Dε−2),

with a sufficiently large hidden constant, and draw I1, . . . , Im independently with replacement from
q, rescaling each sampled row aIs by (mqIs)−1/p. Since

∑
iwi = r and

∑
i ρi = 1, the total score is

O(D), and the resulting distribution satisfies

qi ≳p,Γ
wi

D
, qi ≳p,Γ ρi.

In particular, every normalized row contribution is bounded by O(D). This already gives the correct
sample size for a fixed F . The remaining challenge is to prove concentration simultaneously over all
F ∈ Fk without introducing a dependence on the ambient dimension.

For this purpose, normalize each positive-cost query and write

xF (i) = QF bi

q
1/p
i costA(F )1/p

, yF (i) = QF ei

q
1/p
i costA(F )1/p

,

so that
ZF (i) := ∥xF (i) + yF (i)∥p2 = ∥QFai∥p2

qi costA(F ) , EqZF = 1.

For the samples above, the relative estimator is exactly

ĈF

costA(F ) = 1
m

m∑
s=1

ZF (Is).

It is not enough to analyze the two summands separately: they need not be orthogonal, and their
parallel components may reinforce or cancel. We instead describe the nonlinear loss ZF (i) by four
scalar coordinates:
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1. the low-rank power ∥xF (i)∥p2;

2. the power in the component of yF (i) parallel to xF (i);

3. their signed first-order interaction; and

4. the power in the component of yF (i) orthogonal to xF (i).

An exact geometric identity recovers ZF (i) from these four quantities through a Lipschitz map,
including at p = 1, when xF (i) = 0, and under exact cancellation.

The advantage of this decomposition is that each scalar class has dimension-independent
complexity. The low-rank process is controlled by the Lewis geometry of the rank-r matrix B.
Directional and duality-map estimates control the two parallel interaction terms, while a row-
augmented subspace entropy bound controls the orthogonal residual term. The corresponding
Rademacher bounds scale with r or k, rather than with the dimension of the output space F⊥.
Vector contraction then combines the four estimates and yields

E sup
F

∣∣∣∣∣ 1
m

m∑
s=1

ZF (Is)− 1
∣∣∣∣∣ ≤ Õp

√k + rank(B)
m

+ k + rank(B)
m

 .
Since D = k + r = Õ(k), the choice above uses m = Õp(kε−2) samples. Taking the hidden
constant sufficiently large, the displayed bound and Markov’s inequality give a (1±ε) approximation
simultaneously for every F ∈ Fk with constant probability. Merging repeated samples then yields a
strong row coreset supported on at most m input rows.

It remains to obtain such an F0 and implement the scores efficiently. The fast bicriteria
construction of Woodruff and Yasuda [WY25, Lemma 2.3] provides, with high probability, a
subspace spanned by Õ(k) input rows that satisfies the assumed dimension and residual bounds.
Once F0 is available, standard sparse embeddings, Johnson–Lindenstrauss sketches, and Lewis-weight
routines give constant-factor estimates of the residual masses and Lewis weights; see Section 4.

The case p > 2. Woodruff and Yasuda [WY25] provide a one-round sampling primitive for
sparsifying a weighted active matrix. Given a current matrix B ∈ RN×d with rows b⊤

i , it sets

λB := ∥B −Bk∥2F
k

, τi := b⊤
i (B⊤B + λBI)†bi,

where Bk is a best rank-k approximation to B in Frobenius norm and † denotes the Moore–Penrose
pseudoinverse. These are ridge leverage scores at the standard rank-k regularization scale [CMM17].
The primitive samples row i independently with probability

qi = min
{

1, N
p/2−1τ

p/2
i

α

}
,

rescaling a retained row by q−1/p
i . Their one-round theorem shows that the sampling step simul-

taneously preserves the cost of every rank-k subspace, up to a small multiplicative error and an
additive term proportional to the optimum cost. Since every subspace cost is at least the optimum,
the additive term can be absorbed into the relative-error budget after tuning its coefficient. The
construction in [WY25] applies this primitive recursively. We retain the same sampling rule but
sharpen the analysis of the number of rows retained in each round. The per-round errors and failure
probabilities compose across the recursion.
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The parameter α is the sampling threshold in the generic-chaining argument that controls the
deviation uniformly over all F ∈ Fk. For a one-round target error ζ and failure probability η, it is
chosen as

α = Θp

(
ζ2

(logN)3 + log(1/η)

)
.

Thus, up to logarithmic factors, α scales quadratically with the target accuracy. The expected
number of rows that survive one round is

∑
i qi, so the recursive coreset size is governed by how this

thresholded sum is bounded. The available global information about the scores is the trace bound∑
i τi ≤ 2k.

For 0 < α ≤ 1, the earlier row-count bound in [WY25] uses the relaxation

∑
i

qi ≤
1
α

∑
i

min{1, Np/2−1τ
p/2
i } = Op

(
k

α
N1−2/p

)
.

Writing Nt for the number of active rows after round t, iterating this estimate gives a row-count
recurrence of the form

Nt ≲ kα−1N
1−2/p
t−1 ,

whose fixed point is kp/2α−p/2. After the overall error ε is distributed across the recursive rounds,
α = Θ̃p(ε2). The resulting fixed point therefore has an ε−p dependence.

Our analysis keeps the full factor Np/2−1/α inside the truncation. At a high level, this charges
both sampling regimes to the same linear score budget. Rows whose sampling probabilities saturate
at one must each carry a substantial amount of ridge leverage mass, so the trace bound limits how
many such rows there can be. For the remaining rows, the superlinear contribution τp/2

i can also be
dominated by a suitably scaled linear contribution in τi. The following pointwise inequality captures
both regimes at once. For p > 2 and every y ≥ 0,

min{1, yp/2} ≤ y.

Taking y = c2/pτi yields, for every c > 0,

min{1, cτp/2
i } ≤ c2/pτi.

Applying this inequality directly with c = Np/2−1/α and then using the trace bound gives∑
i

qi ≤ 2kα−2/pN1−2/p,

and the resulting recurrence is
Nt ≲ kα−2/pN

1−2/p
t−1 .

Its fixed point is (
kα−2/p)p/2 = kp/2α−1,

which gives ε−2 after substitution. Thus the gain comes from preserving the interaction between
truncation and the chaining threshold before the recurrence is iterated: the threshold contributes
α−2/p rather than α−1 to the row-count recurrence, and the fixed-point calculation turns this local
saving into the improvement from ε−p to ε−2.
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Removing the logn dependence. Both analyses above contain logarithmic factors in the number
N of rows to which the sampling procedure is applied. Running them directly on A would therefore
leave a dependence on logn in the final coreset size. We first apply the Woodruff–Yasuda strong
coreset construction stated in Theorem 2.4 with accuracy ε/3, obtaining a weighted row subset A0
with polyp(k/ε) rows. We then apply the corresponding construction described above to A0. Since
log(rows(A0)) = Op(log(k/ε)), all logarithmic factors in the second stage depend only on k and ε.

1.4 Open problems

For p > 2, the known lower bound for strong coresets is

Ω̃
(
kp/2

ε
+ k

ε2

)
,

obtained from lower bounds for ℓp subspace embeddings [LWW21, WY23]. This does not match our
upper bound Õp(kp/2ε−2) as a joint function of k and ε. The main remaining question is whether the
p > 2 upper bound can be improved to match the known lower bound up to logarithmic factors, or
whether a stronger lower bound captures an unavoidable interaction between the rank and accuracy
parameters. In contrast, for 1 ≤ p < 2 our upper bound matches the known sampling lower bound
under the parameter conditions stated above.

Organization. Section 2 collects the sampling and sketching models, Lewis-weight facts, and
empirical-process tools used throughout the paper. Sections 3 and 4 prove the upper bound for
1 ≤ p < 2 and record the matching known lower bound. The following three sections treat p > 2:
the one-round sampling section states the baseline primitive from [WY25], Section 6 proves the
sharper row-count estimate, and Section 7 completes the recursive construction. The appendices
contain the empirical-process and entropy estimates used in the p < 2 analysis.

2 Preliminaries

2.1 Notation and sampling models

Throughout the paper, p is fixed within the regime under consideration. Constants denoted by
cp and Cp may depend on p but on no other parameter, and their values may change from one
occurrence to the next. We write nnz(A) for the number of nonzero entries of A and use ω for the
exponent of matrix multiplication. The notation Õ, Ω̃, and Θ̃ suppresses logarithmic factors in the
relevant parameters. A subscript p indicates that the implicit constant may depend on p. We write

∥Y ∥p,2 :=
(∑

i

∥e⊤
i Y ∥

p
2

)1/p

.

For F ⊆ Rd, write PF for the orthogonal projector onto F and QF = I − PF . Let Gr(j, d) denote
the set of j-dimensional subspaces of Rd. The set of subspaces of Rd of dimension at most k is

Fk :=
k⋃

j=0
Gr(j, d).

We use the equivalent notation

ΦA(F ) = costA(F ) = ∥AQF ∥pp,2, OPTA := min
F ∈Fk

costA(F ).
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We use the convention that
X = (1± a)Y ± b

means (1− a)Y − b ≤ X ≤ (1 + a)Y + b. All logarithms are natural.

Definition 2.1 (Strong row coreset). A reweighted row subset is represented by a matrix S ∈ Rs×n

with one nonzero entry in each row. Repeated input indices may be aggregated, and the size is the
number of distinct retained rows. It is a (1± ε) strong row coreset for rank-at-most-k ℓp subspace
approximation if

costSA(F ) = (1± ε) costA(F ) for every F ∈ Fk.

Definition 2.2 (Bernoulli ℓp sampling). Given inclusion probabilities π1, . . . , πN ∈ [0, 1], let
ξ1, . . . , ξN be independent Bernoulli variables with P[ξi = 1] = πi. The associated ℓp sampling
matrix is diagonal with

Sii :=
{
π

−1/p
i ξi, πi > 0,

0, πi = 0.

After sampling, zero rows are deleted from the active matrix. A product of successive sampling
maps can be viewed, after padding deleted rows with zeros, as a single diagonal reweighting of the
original rows.

Definition 2.3 (Sampling with replacement). Let q be a probability distribution on [N ], and draw
I1, . . . , Im independently from q. The corresponding sampling matrix S ∈ Rm×N has rows

Ss,∗ = (mqIs)−1/pe⊤
Is
, s ∈ [m].

Thus, if M has rows z⊤
i , then

∥SM∥pp,2 = 1
m

m∑
s=1

∥zIs∥
p
2

qIs

.

Repeated draws may be merged, so the support contains at most m distinct input rows.

2.2 Pre-sparsification and composition

We use the following result of Woodruff and Yasuda as a preprocessing step. The theorem is stated
for weighted inputs by absorbing each positive row weight into the corresponding row scaling.

Theorem 2.4 (Woodruff–Yasuda pre-sparsification [WY25]). Fix p ∈ [1,∞)\{2}. Given A ∈ RN×d,
1 ≤ k < d, and ξ, δ ∈ (0, 1/2), there is a randomized algorithm that returns a weighted row subset
A0 = S0A satisfying, with probability at least 1− δ,

costA0(F ) = (1± ξ) costA(F ) for every F ∈ Fk.

For a constant Cp, its support size is at most
Cpkξ

−4/p

(
log Cpk

ξδ

)Cp

, 1 ≤ p < 2,

Cpk
p/2ξ−p

(
log Cpk

ξδ

)Cp

, p > 2.
(2.1)

The running time is Õp(nnz(A) + dω).

9



This is the row-subset strong-coreset guarantee in [WY25, Theorems 1.3 and 1.4]. Its dependence
on ξ will be larger than that of our final coreset, but its row count is independent of the input row
count N .

We also use their fast bicriteria construction for the low-rank split [WY25, Lemma 2.3].

Lemma 2.5 (Woodruff–Yasuda bicriteria subspace). Fix 1 ≤ p < 2. Given A ∈ RN×d, 1 ≤ k < d,
and δ ∈ (0, 1/2), there is a randomized algorithm that returns a set J of at most

Cpk

(
log CpN

δ

)Cp

rows whose span F0 satisfies
costA(F0) ≤ Γ0OPTA

with probability at least 1− δ, where Γ0 depends only on p. The algorithm runs in Õp(nnz(A) + |J |ω)
time.

Lemma 2.6 (Composition of strong row coresets). Suppose A0 = S0A is a (1 ± ξ0) strong row
coreset for A, and A1 = S1A0 is a (1± ξ1) strong row coreset for A0. Then, for every F ∈ Fk,

(1− ξ0)(1− ξ1) costA(F ) ≤ costA1(F ) ≤ (1 + ξ0)(1 + ξ1) costA(F ).

In particular, if 0 < ε < 1/2 and ξ0 = ξ1 = ε/3, then A1 is a (1 ± ε) strong row coreset for A.
Moreover, S1S0 is again a row-sampling matrix for the original rows of A.

Proof. Apply the two coreset inequalities successively. For the stated choice of parameters, (1−
ε/3)2 ≥ 1− ε and (1 + ε/3)2 ≤ 1 + ε when ε < 1/2. The final assertion follows because a product of
row-selection and rescaling maps still selects and rescales rows of the original matrix.

2.3 Leverage scores and Lewis weights

Throughout this subsection, zero rows are deleted before computing Lewis weights and restored
with weight zero afterward.

Definition 2.7 (Leverage scores). Let M ∈ RN×r have rows m⊤
i . The leverage score of row i is

τi(M) := m⊤
i (M⊤M)†mi.

Thus
∑

i τi(M) = rank(M). If M has full column rank, the pseudoinverse may be replaced by the
inverse, and τi(MR) = τi(M) for every invertible change of coordinates R ∈ Rr×r.

Definition 2.8 (ℓp Lewis weights). Let M ∈ RN×r have full column rank and rows m⊤
i . The ℓp

Lewis weights of M are the positive numbers w1, . . . , wN satisfying

wi = τi

(
W 1/2−1/pM

)
, W = diag(w1, . . . , wN ). (2.2)

Equivalently,
m⊤

i

(
M⊤W 1−2/pM

)−1
mi = w

2/p
i . (2.3)

We call w̃i an α-approximation to the Lewis weights if α−1wi ≤ w̃i ≤ αwi for every positive-weight
row.
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Thus Lewis weights are ordinary leverage scores after a self-consistent row reweighting; when
p = 2, they reduce to the usual leverage scores of M . For 1 ≤ p < 4, Cohen and Peng prove that
these weights exist and are unique [CP15, Sec. 3, in particular Cor. 3.4]. Since they are leverage
scores of a reweighted matrix, ∑

i

wi = rank(M) = r. (2.4)

They are invariant under invertible changes of column coordinates: M and MR have the same
Lewis weights whenever R is invertible. Accordingly, for vectors lying in an r-dimensional subspace,
their Lewis weights mean the weights of their coordinates in any basis of that subspace; this is
independent of the chosen basis.

Theorem 2.9 (Cohen–Peng Lewis-weight sampling). Fix 1 ≤ p < 2 and 0 < ε < 1. Let M ∈ RN×r

have Lewis weights wi, and let q be a distribution satisfying qi ≳p wi/r whenever wi > 0. If S is
formed from m = Õp(rε−2) i.i.d. samples from q as in Definition 2.3, then, with constant probability,

∥SMx∥pp = (1± ε)∥Mx∥pp simultaneously for every x ∈ Rr.

This is the standard Lewis-weight subspace-embedding theorem of Cohen and Peng [CP15,
Theorem 7.1 and Lemma 7.4]; logarithmic factors depend on the fixed p. We later prove a vector-
valued refinement tailored to subspace costs.

Algorithm 1 Iterative Algorithm to Compute the ℓp Lewis Weights [CP15]
1: Initialize w = 1 ∈ RN

2: for t = 1, 2, . . . , T do
3: Let W = diag(w1, . . . , wN )
4: Let τ ∈ RN be a constant-factor approximation of the leverage scores of W 1/2−1/pM

5: Set wi ← (w2/p−1
i τi)p/2

6: end for
7: return w

Lemma 2.10 (Cohen–Peng iteration [CP15]). Fix 1 ≤ p < 2, and let M ∈ RN×r have full
column rank. After T = Op(log log(N + 2)) iterations of Algorithm 1, the returned vector w is a
constant-factor approximation to the ℓp Lewis weights of M .

Lemma 2.11 (Lewis normalization). Let M ∈ RN×r have full column rank, let 1 ≤ p ≤ 2, and
let m⊤

i and wi be its rows and Lewis weights. There exist an invertible matrix J ∈ Rr×r and unit
vectors yi ∈ Rr such that

mi = w
1/p
i Jyi,

∑
i

wiyiy
⊤
i = Ir,

∑
i

wi = r. (2.5)

Proof. By the convention at the beginning of this subsection, M has no zero rows and every wi is
positive. Set

G = M⊤W 1−2/pM, J = G1/2, yi = w
−1/p
i G−1/2mi.

Since M has full column rank and W is positive diagonal, G is positive definite. Thus G1/2 and
G−1/2 are well defined. By (2.3),

∥yi∥22 = w
−2/p
i m⊤

i G
−1mi = 1,

11



and the definition of yi gives mi = w
1/p
i Jyi. Moreover,

∑
i

wiyiy
⊤
i = G−1/2

(∑
i

w
1−2/p
i mim

⊤
i

)
G−1/2 = G−1/2GG−1/2 = Ir.

Taking traces and using ∥yi∥2 = 1 gives
∑

iwi = r. This proves (2.5).

The next vector-valued sensitivity estimate is the offline p ≤ 2 specialization of the online bound
in [WY23, Lemma 8.15]. We include a short proof because the offline Lewis normalization makes
the argument particularly direct.

Lemma 2.12 (Lewis weights bound (p, 2)-sensitivities). Let M ∈ RN×r have full column rank, let
1 ≤ p ≤ 2, and let m⊤

i and wi be its rows and Lewis weights. For every s ≥ 1 and every matrix
T ∈ Rs×r,

∥Tmi∥p2 ≤ wi

∑
j

∥Tmj∥p2. (2.6)

Proof. Use Lemma 2.11 to write mj = w
1/p
j Jyj with unit yj and

∑
j wjyjy

⊤
j = Ir, and set S = TJ .

The claim is immediate if S = 0. Otherwise, since p ≤ 2 and ∥Syj∥2 ≤ ∥S∥op,∑
j

wj∥Syj∥p2 ≥ ∥S∥
p−2
op

∑
j

wj∥Syj∥22 = ∥S∥p−2
op ∥S∥2F ≥ ∥S∥pop.

The conclusion follows from ∥Tmi∥p2 = wi∥Syi∥p2 and
∑

j∥Tmj∥p2 =
∑

j wj∥Syj∥p2.

In particular, the usual scalar ℓp sensitivity of row i satisfies

σ
(p)
i (M) := sup

x:Mx̸=0

|m⊤
i x|p

∥Mx∥pp
≤ wi. (2.7)

2.4 Euclidean sketches

Definition 2.13 (Oblivious subspace embedding). A distribution over matrices Π ∈ Rs×d is an
(r, ζ, δ) oblivious subspace embedding (OSE) if, for every fixed subspace L ⊆ Rd with dimL ≤ r,

PΠ
[
(1− ζ)∥x∥22 ≤ ∥Πx∥22 ≤ (1 + ζ)∥x∥22 for every x ∈ L

]
≥ 1− δ.

The subspace must be fixed independently of the draw of Π.

We use the following standard Euclidean sketching facts. For any fixed vectors v1, . . . , vN and
0 < ζ, δ < 1, a Johnson–Lindenstrauss map with O(ζ−2 log(N/δ)) rows simultaneously preserves all
∥vi∥22 within a factor 1± ζ with probability at least 1− δ [JL84]. For a fixed r-dimensional subspace,
sparse OSEs with constant distortion have Õ(r) rows and polylogarithmic column sparsity, including
at inverse-polynomial failure probability [NN13]. Consequently, multiplying a matrix by the sparse
OSE takes input-sparsity time up to logarithmic factors.

12



2.5 Uniform convergence tools

For a fixed query, a row sample gives an unbiased estimate of its cost. A scalar concentration
inequality controls its error. A strong coreset, however, requires one sample to be accurate for
every query, so we must control the largest sampling error over a function class. We first record
the fixed-query estimate and then collect the uniform-convergence tools used for this purpose. All
function classes in our applications are countable, finite, or replaced by a countable dense subclass
before these tools are applied. Thus the suprema below are measurable in every use. Symmetrization
and chaining also underlie Lewis-weight and sensitivity-sampling analyses for ℓp objectives [CP15,
MMWY22, MO24]. In the broader coreset literature, pseudodimension-based uniform convergence
is a standard ingredient of general sensitivity-sampling frameworks [FL11, BFL+21].

Concentration for one query. For a fixed positive-cost query, normalize each sampled contri-
bution by the true cost. A sensitivity bound then gives a random summand X with 0 ≤ X ≤ K
and EX = 1. Necessarily K ≥ 1, and Var(X) ≤ EX2 ≤ K and |X − 1| ≤ K. Bernstein’s inequal-
ity [BLM13, Corollary 2.11] therefore gives, for independent copies X1, . . . , Xm and 0 < η ≤ 1,

P
[∣∣∣∣∣ 1
m

m∑
s=1

Xs − 1
∣∣∣∣∣ > η

]
≤ 2 exp

(
−3mη2

8K

)
.

A zero-cost query has zero contribution from every row and is preserved exactly.

Empirical averages and symmetrization. Let I1, . . . , Im be independent samples from a
distribution q on the row indices. For a function f on the rows, write

Pmf = 1
m

m∑
s=1

f(Is), Pf = EI∼q[f(I)].

Thus Pmf is the sampled average and Pf is its expectation. For a function class G, its absolute
Rademacher complexity is

Rabs
m (G) = EI,ε sup

g∈G

∣∣∣∣∣ 1
m

m∑
s=1

εsg(Is)
∣∣∣∣∣ ,

where the εs are independent uniform signs. If the sample I1, . . . , Im is fixed, then Rabs
m (G | I1, . . . , Im)

denotes the same quantity with expectation only over the signs. The symmetrization lemma
[vdVW96, Lemma 2.3.1] bounds the expected uniform sampling error by this signed process:

E sup
g∈G
|(Pm − P )g| ≤ 2Rabs

m (G). (2.8)

Covering numbers and Dudley’s bound. For a probability distribution ν on the row indices
and real-valued functions f, g on these indices, write

∥f − g∥L2(ν) =
(∑

i

νi|f(i)− g(i)|2
)1/2

.

Let N(δ,G, L2(ν)) be the minimum cardinality of a set N ⊆ G such that every g ∈ G satisfies
∥g − g̃∥L2(ν) ≤ δ for some g̃ ∈ N . A δ-packing is a subset of G whose distinct elements have L2(ν)-
distance greater than δ. Every maximal δ-packing is also a δ-cover. For the empirical distribution
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Pm, this distance becomes

∥f − g∥L2(Pm) =
(

1
m

m∑
s=1
|f(Is)− g(Is)|2

)1/2

.

Covering numbers at all scales can be combined by Dudley’s chaining argument. Applying the
usual entropy integral [BLM13, Corollary 13.2] to an α-net and bounding the discarded increments
by Cauchy–Schwarz gives the following truncated form; see also [BFT17, Lemma A.5] for a direct
chaining proof of the normalized empirical Rademacher version. Set

G± = G ∪ (−G) ∪ {0}, Rm = sup
g∈G
∥g∥L2(Pm).

If Rm = 0, the conditional Rademacher complexity is zero. If Rm > 0, then for every 0 < α ≤ Rm,

Rabs
m (G | I1, . . . , Im) ≤ 4α+ C√

m

∫ Rm

α

√
logN(u,G±, L2(Pm)) du. (2.9)

Here symmetrizing the class converts the absolute supremum into an ordinary one, and adjoining
zero makes Rm an upper bound on the relevant covering scales. The term 4α is the error from
stopping the chaining at scale α.

For real-valued classes, pseudodimension is the VC dimension of the class of subgraphs [Hau92].
Equivalently, Pdim(G) is the largest v for which there are points x1, . . . , xv and thresholds t1, . . . , tv
such that, for every S ⊆ [v], some g ∈ G satisfies g(xj) > tj for j ∈ S and g(xj) ≤ tj for j /∈ S. The
VC-subgraph covering theorem [vdVW96, Theorem 2.6.7] implies that if G takes values in [0, 1] and
has pseudodimension v ≥ 1, then, for every probability distribution ν,

logN(δ,G, L2(ν)) ≤ Cv log(C/δ), 0 < δ < 1. (2.10)

Lipschitz composition. Our loss functions are often Lipschitz functions of several simpler
scalar coordinates. Fix the sample, and let {vf} be a class of functions from the row indices to
Ra, with coordinate functions vf = (vf,1, . . . , vf,a). Suppose that ϕ : Ra → R satisfies ϕ(0) = 0
and |ϕ(u) − ϕ(v)| ≤ L∥u − v∥2. Adjoin the zero map to the class if necessary, and let (εs,ℓ) be
independent uniform signs. Maurer’s vector-contraction inequality [Mau16, Corollary 4], followed
by subadditivity over the coordinates, gives

Eε sup
f

∣∣∣∣∣ 1
m

m∑
s=1

εsϕ(vf (Is))
∣∣∣∣∣

≤ 2
√

2LEεs,ℓ
sup

f

1
m

m∑
s=1

a∑
ℓ=1

εs,ℓvf,ℓ(Is)

≤ 2
√

2L
a∑

ℓ=1
Eε sup

f

∣∣∣∣∣ 1
m

m∑
s=1

εsvf,ℓ(Is)
∣∣∣∣∣ .

(2.11)

The factor 2 in the first inequality accounts for the absolute value; Maurer’s theorem gives the factor√
2 and the doubly indexed signs.

2.6 The Euclidean duality map

For x in a real Hilbert space, define

Jp(x) =
{
∥x∥p−2

2 x, x ̸= 0,
0, x = 0.
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Thus
⟨Jp(x), x⟩ = ∥x∥p2, ∥Jp(x)∥2 = ∥x∥p−1

2 (x ̸= 0).

At p = 1, this means J1(x) = x/∥x∥ off zero and J1(0) = 0. If g is a standard Gaussian in a
finite-dimensional real Hilbert space, then, with γp = E|N(0, 1)|p,

Eg| ⟨v, g⟩ |p = γp∥v∥p2. (2.12)

3 Coresets from a Low-Rank Split for 1 ≤ p < 2
For any linear subspace F ⊆ Rd, let PF be the orthogonal projector onto F and let QF = I − PF .
The query family Fk consists of all such subspaces of dimension at most k, and the cost of F ∈ Fk is

costA(F ) = ∥AQF ∥pp,2 =
∑

i

∥QFai∥p2.

Our goal is to construct a single weighted sample of the rows of A that preserves this quantity
simultaneously for every F ∈ Fk.

Let F0 ⊆ Rd be a bicriteria subspace satisfying

r := dim(F0) = Õ(k), costA(F0) ≤ Γ0OPTA

for a constant Γ0 ≥ 1. For each row ai, we use a vector bi ∈ F0 as a constant-factor approximation
to its Euclidean projection onto F0. The sketched regression procedure in Section 4 computes these
vectors without forming an ambient-dimensional projection and guarantees

∥ai − bi∥2 ≤ C dist(ai, F0) = C∥QF0ai∥2

for an absolute constant C. Let ei = ai − bi, and let B and E have rows bi and ei, respectively. The
construction also ensures that the rows of B span F0, and hence

A = B + E, rank(B) = r, R := ∥E∥pp,2 ≤ C
p costA(F0) ≤ ΓOPTA

for a constant Γ ≥ 1. These are the only properties of the split used in this section.
The sampling distribution combines one score for each component of A = B + E. Let wi be

the ℓp Lewis weight of the low-rank row bi. When R > 0, let ρi = ∥ei∥p2/R be the fraction of the
residual mass contributed by row i, and choose a distribution q satisfying

qi ≳p,Γ
wi

k + r
, qi ≳p,Γ ρi.

Draw m = Õp,Γ((k + r)ε−2) indices I1, . . . , Im independently from q and retain row aIs with scaling
(mqIs)−1/p. Intuitively, the Lewis-weight score controls the contribution of the low-rank component
QF bi, while the residual score controls that of QF ei. In Section 3, we prove that this sampling rule
preserves all queries simultaneously. In Section 4, we construct F0, compute the regression fits bi,
and estimate both scores efficiently.

15



3.1 The low-rank-split theorem

Suppose that the decomposition A = B + E satisfies

r = rank(B), R = ∥E∥pp,2 ≤ Γ OPTA (3.1)

for some constant Γ ≥ 1. Put
D = k + r.

Let wi denote the Lewis weight of the nonzero row bi, with wi = 0 when bi = 0. When R > 0,
put ρi = ∥ei∥p2/R; when R = 0, put ρi = 0.
Theorem 3.1 (Low-rank-split coreset). Assume k, r ≥ 1, and let q be any probability distribution
satisfying

qi ≳p,Γ
wi

D
+ ρi (i ∈ [n]). (3.2)

Fix 0 < ε, η < 1/2, and form S by drawing m = Õp,Γ(Dε−2η−2) rows independently from q and
reweighting them as in Definition 2.3. Then, with probability at least 1− η,

costSA(F ) = (1± ε) costA(F ) simultaneously for every F ∈ Fk.

The suppressed factors are polylogarithmic in n+D + ε−1 + η−1.
The balanced sensitivity lemma below supplies a distribution satisfying (3.2) and bounds each

row’s contribution to every query. We then normalize the query loss and decompose it into four
scalar coordinate classes. Appendix A proves empirical process bounds for these classes with no
dependence on d. In Section 3.1.5, we combine these estimates through symmetrization and vector
contraction to prove Theorem 3.1.

If R = 0, then A = B, and the conclusion follows directly from Theorem A.9. Hence assume
R > 0 throughout the remainder of the proof.

3.1.1 Balanced sensitivity

Lemma 3.2 (Balanced sensitivity for a low-rank split). Let A = B+E satisfy (3.1) with R > 0, let
ρi = ∥ei∥p/R, and let wi be the Lewis weight of bi, with wi = 0 when bi = 0. With D = k+ r, define

si = wi +Dρi. (3.3)

Then
∥QFai∥p2 ≤ Cp,Γsi

∑
j

∥QFaj∥p2 (F ∈ Fk).

Moreover, if S =
∑

i si and qi = si/S, then

S ≤ 2D, qi ≥
wi

2D, qi ≥
ρi

2 .

Proof. For a query F , write CF =
∑

i∥QFai∥p. Since OPTA ≤ CF , R ≤ ΓOPTA, and QF is a
contraction,

∥BQF ∥p,2 ≤ ∥AQF ∥p,2 + ∥EQF ∥p,2 ≤ C1/p
F +R1/p ≤ (1 + Γ1/p)C1/p

F .

Lemma 2.12 and the row-wise p-triangle inequality give

∥QFai∥p ≤ 2p−1(∥QF bi∥p + ∥QF ei∥p
)
≤ 2p−1((1 + Γ1/p)pwi + Γρi

)
CF ≤ Cp,ΓsiCF .

Finally,
S =

∑
i

wi +D
∑

i

ρi = r +D ≤ 2D.

The two lower bounds for qi follow directly from (3.3).
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3.1.2 Balanced normalization

Fix a distribution q satisfying (3.2). There is a constant c = cp,Γ > 0 such that

qi ≥ c
wi

D
, qi ≥ cρi. (3.4)

For a query F with positive cost, abbreviate Q = QF and write

CF := costA(F ) =
∑

i

∥Qai∥p.

We normalize the low-rank and residual contributions of each row by qiCF .
The i.i.d. rescaling by q

−1/p
i turns the Lewis scale w1/p

i and the residual scale ρ1/p
i into the

row-wise factors
αi = (wi/qi)1/p, βi = (ρi/qi)1/p,

with zero-over-zero values set to zero. The bounds in (3.4) imply

αp
i ≤ c

−1D, βp
i ≤ c

−1. (3.5)

Define the normalized residual scale

tF :=
(
R

CF

)1/p

.

Since CF ≥ OPTA and R ≤ ΓOPTA, we have 0 < tF ≤ Γ1/p. Let LΓ = 1 + Γ1/p. By the definition
of CF and the fact that orthogonal projection is nonexpansive,

∥AQ∥p,2 = C
1/p
F , ∥EQ∥p,2 ≤ ∥E∥p,2 = R1/p = tFC

1/p
F .

Since B = A− E, it follows that

∥BQ∥p,2 ≤ ∥AQ∥p,2 + ∥EQ∥p,2 ≤ (1 + tF )C1/p
F ≤ LΓC

1/p
F . (3.6)

By coordinate invariance of Lewis weights and Lemma 2.11, there exist a matrix J ∈ Rd×r whose
columns span F0 and vectors yi ∈ Rr satisfying

bi = w
1/p
i Jyi, ∥yi∥2 ≤ 1,

∑
i

wiyiy
⊤
i = Ir,

∑
i

wi = r. (3.7)

Here ∥yi∥ = 1 when bi ̸= 0, while wi = 0 and yi = 0 when bi = 0. Likewise, write

ei = R1/pρ
1/p
i ui,

where ui is a unit vector whenever ρi > 0 and may be chosen to be any unit vector otherwise. With
these coordinates, define

xF (i) = αiC
−1/p
F QJyi = q

−1/p
i C

−1/p
F Qbi, yF (i) = tFβiQui = q

−1/p
i C

−1/p
F Qei. (3.8)

Consequently,

ZF (i) = ∥xF (i) + yF (i)∥p = ∥Qai∥p

qiCF
, EqZF = 1, 0 ≤ ZF (i) ≤ Cp,Γ,cD. (3.9)
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The last inequality follows by combining Lemma 3.2 with (3.4). Thus the remainder of the proof
uses the sampling distribution only through (3.4).

Finally, Equations (3.7) and (3.6) give

∑
i

wi∥C−1/p
F QJyi∥p =

∥BQ∥pp,2
CF

≤ Lp
Γ

and applying Lemma 2.12 to the rows of B gives, for every i with wi > 0,

∥C−1/p
F QJyi∥p = ∥Qbi∥p

wiCF
≤
∥BQ∥pp,2
CF

≤ Lp
Γ. (3.10)

3.1.3 An exact four-coordinate decomposition

By (3.9), the normalized loss is the pth power of ∥xF (i) + yF (i)∥2. Fix F and i, and abbreviate
x = xF (i) and y = yF (i). We first split y into its component parallel to x and its component
orthogonal to x. If x ̸= 0, set

x̂ = x

∥x∥2
, cF (i) = ⟨x̂, y⟩ , y⊥ = y − cF (i)x̂.

If x = 0, set x̂ = 0, cF (i) = 0, and y⊥ = y. In either case, y⊥ is orthogonal to x and

x+ y = (∥x∥2 + cF (i))x̂+ y⊥.

Consequently,
∥xF (i) + yF (i)∥22 = |∥xF (i)∥2 + cF (i)|2 + ∥y⊥∥22. (3.11)

Taking the p/2 power in (3.11) and using (3.9) gives

ZF (i) =
(
|∥xF (i)∥2 + cF (i)|2 + ∥y⊥∥22

)p/2
. (3.12)

The parallel contribution depends on the sign of cF (i). We therefore record its two magnitudes,
their signed interaction, and the orthogonal residual power. Recall that Jp(z) = ∥z∥p−2

2 z for z ̸= 0
and Jp(0) = 0. Define

TF (i) = ∥xF (i)∥p2, VF (i) = |cF (i)|p,
HF (i) = p ⟨Jp(xF (i)), yF (i)⟩ , W⊥

F (i) = dist(yF (i), span{xF (i)})p.
(3.13)

When xF (i) ̸= 0,
HF (i) = p sgn(cF (i))∥xF (i)∥p−1

2 |cF (i)|;

when xF (i) = 0, our convention Jp(0) = 0 gives HF (i) = 0. Here TF is the low-rank power, VF

is the parallel residual power, HF records the signed interaction between the two, and W⊥
F is the

orthogonal residual power.
Apply Lemma A.6 with a = ∥xF (i)∥2, b = |cF (i)|, and σ = sgn(cF (i)), taking σ = 1 when

cF (i) = 0. It shows that the parallel power |∥xF (i)∥2 + cF (i)|p is a Cp-Lipschitz function of
(TF (i), VF (i), HF (i)) on the set of feasible coordinate triples. The outer ℓ2/p norm is one-Lipschitz
with respect to the ℓ1 distance of the parallel and orthogonal powers. Consequently,

|ZF (i)−ZG(i)| ≤ Cp
(
|TF (i)−TG(i)|+ |VF (i)−VG(i)|+ |HF (i)−HG(i)|+ |W⊥

F (i)−W⊥
G (i)|

)
. (3.14)

We next bound the empirical complexity of each coordinate class separately.
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3.1.4 Control of the coordinate processes

Low-rank power. For ∥BQF ∥p,2 > 0, set

hF (i) = ∥QF bi∥p

qi∥BQF ∥pp,2
, λF =

∥BQF ∥pp,2
CF

≤ Lp
Γ.

Then TF = λFhF . By (3.4),
K := max

wi>0

wi

qi
≤ c−1D.

Since 0 ≤ λF ≤ Lp
Γ,

Rabs
m ({TF }) ≤ Lp

ΓR
abs
m ({hF }).

Applying Theorem A.9 therefore gives

Rabs
m ({TF }) ≤ Õp,Γ,c

(√
D/m+D/m

)
. (3.15)

If ∥BQF ∥p,2 = 0, then TF is identically zero.

Parallel residual power. Equation (3.8) gives

xF (i) = q
−1/p
i C

−1/p
F QF bi, yF (i) = tFβiQFui.

The scalar multiplying QF bi in the first identity is positive. Hence, when QF bi ̸= 0,

xF (i)
∥xF (i)∥2

= QF bi

∥QF bi∥2
∈ F⊥.

Recalling the definition of cF (i) and using ⟨v,QFui⟩ = ⟨v, ui⟩ for v ∈ F⊥, we obtain

cF (i) = ⟨xF (i)/∥xF (i)∥2, yF (i)⟩
= tFβi ⟨QF bi/∥QF bi∥2, QFui⟩
= tFβi ⟨QF bi/∥QF bi∥2, ui⟩ .

This formula also holds when QF bi = 0 if a normalized zero vector is interpreted as zero. Since
bi = w

1/p
i Jyi, define

gF (i) := ⟨QFJyi/∥QFJyi∥2, βiui⟩ = ⟨J1(QFJyi), βiui⟩ .

Then cF = tF gF and VF = tpF |gF |p. The vectors βiui have uniformly bounded norm by (3.5). Since
tpF ≤ Γ,

Rabs
m ({VF }) ≤ ΓRabs

m ({|gF |p}).

Now Lemma A.1, the truncated Dudley bound (2.9), and the Lipschitz map g 7→ |g|p give

Rabs
m ({VF }) ≤ Õp,Γ,c(

√
r/m). (3.16)
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Signed interaction. Using (3.8) and the same projection identity as in the parallel residual
calculation gives

HF (i) = p tF
〈
Jp(αiC

−1/p
F QFJyi), βiui

〉
. (3.17)

Lemma A.2 controls classes of the form

i 7−→ p ⟨Jp(αiAyi), zi⟩ , A : Rr → H.

In (3.17), the corresponding choices are

A = C
−1/p
F QFJ, zi = βiui.

The bounds used in the preceding paragraph give ∥zi∥2 ≤ c−1/p and tF ≤ Γ1/p. Since tF is
independent of the row index, it contributes only a constant factor to the absolute Rademacher
supremum.

Let ν = m−1∑m
s=1 δIs be the empirical law of the sampled indices. Recall that Pmf =

m−1∑m
s=1 f(Is), and hence

∑
i νif(i) = Pmf . Under the choices above, the empirical p-energy in

Lemma A.2 is
Eν = sup

F

∑
i

νi∥αiC
−1/p
F QFJyi∥p = sup

F
PmTF . (3.18)

Equations (3.5) and (3.10) imply, pointwise in i and F ,

∥αiC
−1/p
F QFJyi∥p ≤ Cp,Γ,cD.

Thus Eν ≤ Cp,Γ,cD deterministically. We first bound every logarithmic factor involving Eν by a
polylogarithmic function of D + 2 and absorb it into the Õ notation. Applying Corollary A.3 now
gives, for p > 1,

Rabs
m ({HF } | I1, . . . , Im) ≤ Õp,Γ,c

((
E 1−1/p

ν + E (1−1/p)/2
ν

)√
r/m

)
(3.19)

At p = 1, the endpoint statement of Corollary A.3 directly gives Õ1,Γ,c(
√
r/m).

For p > 1, it remains to control the random empirical p-energy Eν in expectation. For every
query with ∥BQF ∥p,2 > 0, the normalized low-rank contribution satisfies EqhF = 1 and TF = λFhF ,
where λF ≤ Lp

Γ. If ∥BQF ∥p,2 = 0, then TF = 0. Consequently,

Eν ≤ Lp
Γ

(
1 + sup

∥BQF ∥p,2>0
|PmhF − 1|

)
.

Symmetrization and Theorem A.9 imply that, for m ≥ Ω̃p,Γ,c(D),

E sup
∥BQF ∥p,2>0

|PmhF − 1| ≤ 2Rabs
m ({hF }) ≤ Õp,c

(√
D/m+D/m

)
≤ Cp,Γ,c.

It follows that
EEν ≤ Cp,Γ,c. (3.20)

Both exponents of Eν in (3.19) lie in (0, 1). After the deterministic treatment of the logarithmic
factors above, Jensen’s inequality applies to these pure powers. Together with (3.20), it gives

ERabs
m ({HF } | I1, . . . , Im) ≤ Õp,Γ,c(

√
r/m). (3.21)

Together with the endpoint estimate above, this proves (3.21) for the full range 1 ≤ p < 2.
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Orthogonal residual power. By definition, W⊥
F (i) = dist(yF (i), span{xF (i)})p. Equation (3.8)

shows that span{xF (i)} = span{QF bi} and yF (i) = tFβiQFui. Therefore

W⊥
F (i) = tpFβ

p
i dist(QFui, span{QF bi})p. (3.22)

The distance in (3.22) can be written without projected vectors:

dist(QFui, span{QF bi}) = inf
a∈R
∥QF (ui − abi)∥2

= inf
a∈R, f∈F

∥ui − abi − f∥2

= dist(ui, F + span{bi}).

Consequently,
W⊥

F (i) = tpFβ
p
i dist(ui, F + span{bi})p.

After rescaling this class to have envelope at most one, Corollary A.5 and the truncated Dudley
bound (2.9) give

Rabs
m ({W⊥

F }) ≤ Õp,Γ,c(
√
k/m). (3.23)

The Op,Γ,c(m−1) truncation terms for VF and W⊥
F are absorbed into their square-root bounds. The

D/m term in (3.15) remains because the low-rank class has envelope of order D.

3.1.5 Proof of Theorem 3.1

For m ≥ Ω̃p,Γ,c(D), the symmetrization bound (2.8), with the measurability convention from
Section 2, gives

E sup
F ∈Fk
CF >0

|PmZF − 1| ≤ 2EI,ε sup
F ∈Fk
CF >0

∣∣∣∣∣ 1
m

∑
s

εsZF (Is)
∣∣∣∣∣ .

For each F and i, collect the four coordinates into

vF (i) =
(
TF (i), VF (i), HF (i),W⊥

F (i)
)
∈ R4.

On the set of feasible coordinate vectors, let ϕ be the decoder satisfying ϕ(vF (i)) = ZF (i). It maps
the origin to zero, and (3.14) gives

|ϕ(u)− ϕ(v)| ≤ Cp∥u− v∥1 ≤ 2Cp∥u− v∥2.

Extend ϕ to all of R4 if necessary without increasing its Lipschitz constant. Applying Maurer’s
vector-contraction inequality (2.11) and then separating the four coordinates gives

EI,ε sup
F ∈Fk
CF >0

∣∣∣∣∣ 1
m

∑
s

εsZF (Is)
∣∣∣∣∣

≤ Cp

(
Rabs

m ({TF }) + Rabs
m ({VF }) + EIR

abs
m ({HF } | I1, . . . , Im) + Rabs

m ({W⊥
F })

)
.

Substituting (3.15), (3.16), (3.21), and (3.23), and recalling that D = k + r, yields

E sup
F ∈Fk
CF >0

|PmZF − 1| ≤ Õp,Γ,c

√k + r

m
+ k + r

m

 . (3.24)
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For every fixed sample, the normalized loss F 7→ PmZF is continuous on each positive-cost stratum,
so the countable-dense-subclass convention indeed gives the displayed supremum. Zero-cost queries
satisfy AQF = SAQF = 0 and are handled separately.

Taking m = Õp,Γ(Dε−2η−2) makes the right-hand side of (3.24) at most ηε after adjusting the
hidden constant. Markov’s inequality therefore gives, with probability at least 1− η,

1− ε ≤ PmZF ≤ 1 + ε (F ∈ Fk). (3.25)

By Definition 2.3, the sampled matrix SA has at most m nonzero rows, and

PmZF =
∥SAQF ∥pp,2
∥AQF ∥pp,2

for every positive-cost query, proving the required 1± ε cost guarantee.

4 Input-Sparsity-Time Construction for 1 ≤ p < 2
In this section, we give an efficient implementation of the sampling procedure in Theorem 3.1. In
the proof of Theorem 1.1, we apply it to the Woodruff–Yasuda coreset A0 from Theorem 2.4. Since
A0 has polyp(k/ε) rows, the resulting logarithmic factors depend only on k and ε, rather than on
the original row count n.

Proposition 4.1 (Implementing the low-rank-split sampling procedure). Fix 1 ≤ p < 2. Given
A ∈ RN×d, 1 ≤ k < d, and 0 < ε < 1/2, there is a randomized algorithm running in

Õp

(
nnz(A) + kω + kε−2

)
time that returns a (1± ε) strong row coreset with probability at least 5/6. Its support size is at most

Cpkε
−2
(

log Cp(N + k)
ε

)Cp

. (4.1)

The suppressed factors in the running time are polylogarithmic in N + d+ ε−1.

Proof. We describe the construction and indicate where each logarithmic factor enters. The claim is
immediate when A = 0, so assume otherwise. Apply Lemma 2.5 with failure probability 1/24. It
returns a set J of

m0 ≤ Cpk logCp(N + 2)

rows whose span F0 has dimension r0 ≤ m0 and satisfies

costA(F0) ≤ Γ0OPTA (4.2)

for a constant Γ0 depending only on p. The construction takes Õp(nnz(A) +mω
0 ) time.

We next construct the split used in Theorem 3.1. Draw a sparse right OSE Π ∈ Rs×d with
s = Õ(m0) and inverse-polynomial failure probability. Each of the N subspaces

F0 + span{ai}, i ∈ [N ],

has dimension at most r0 + 1, where a⊤
i denotes the ith row of A. A union bound therefore shows

that, with high probability, Π has constant distortion on all of them simultaneously. Condition on
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this event, and let the columns of V ∈ Rs×r0 form an orthonormal basis for ΠF0. Define bi by the
sketched least-squares regression

bi = argmin
b∈F0

∥Π(ai − b)∥2, ei = ai − bi.

The OSE is injective on F0, so the minimizer is unique. Since V V ⊤ is the orthogonal projector onto
ΠF0, the regression condition is equivalently

Πbi = V V ⊤Πai. (4.3)

If b∗
i = PF0ai, sketched optimality and the OSE inequalities give

∥ei∥2 ≤ C∥ai − b∗
i ∥2.

Consequently, for the matrices B,E with rows bi, ei,

A = B + E, rank(B) = r0, ∥E∥pp,2 ≤ Cp costA(F0) ≤ Γ1OPTA.

The equality rank(B) = r0 follows because the selected rows spanning F0 are fitted exactly.
It remains to estimate the two parts of the balanced score. Set H = AΠ⊤. By (4.3), the ith row

of H(I − V V ⊤) is
a⊤

i Π⊤(I − V V ⊤) =
(
(I − V V ⊤)Πai

)⊤ = (Πei)⊤.

Since ei ∈ F0 + span{ai}, the OSE event gives c∥ei∥2 ≤ ∥Πei∥2 ≤ C∥ei∥2 for every i, where c, C > 0
are absolute constants. Applying a Johnson–Lindenstrauss map on the right preserves the norms of
these N rows simultaneously up to a constant factor. Raising the resulting row-norm estimates to
the pth power gives values r̃i satisfying

cp∥ei∥p2 ≤ r̃i ≤ Cp∥ei∥p2 for every i ∈ [N ]. (4.4)

We next compute the Lewis weights of B in r0 dimensions. Consider the coordinate map

T : F0 −→ Rr0 , T (x) = V ⊤Πx.

This map is invertible because Π is injective on F0 and the columns of V form a basis for ΠF0.
Moreover,

T (bi) = V ⊤Πbi = V ⊤Πai = (HV )⊤
i,∗.

Thus the matrix
C = HV ∈ RN×r0

has T (bi)⊤ as its ith row. Since the rows bi span F0 and T is invertible, C has full column rank. By
the coordinate invariance of Lewis weights in Definition 2.8, C and B have the same Lewis weights.

Run the Cohen–Peng iteration from Lemma 2.10 on C. At iteration t, let Wt be the current
diagonal row-weight matrix and apply an input-sparsity-time leverage-score routine to WtC [CW13].
Using the factorization C = HV = AΠ⊤V , the routine can be implemented without forming the
dense matrix C. Together with Lemma 2.10, this yields simultaneous constant-factor estimates w̃i

of the Lewis weights. Fresh sketches and a union bound cover the Op(log log(N + 2)) iteration calls.
Using the residual estimates from (4.4), set

ρ̃i = r̃i∑
j r̃j

, q̃i = w̃i + (k + r0)ρ̃i∑
j

(
w̃j + (k + r0)ρ̃j

)
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when the residual mass is positive. If the residual mass is zero, put ρ̃i = 0 and normalize only the
w̃i in the definition of q̃i. Constant-factor accuracy and

∑
iwi = r0 imply

q̃i ≳p
wi

k + r0
, q̃i ≳p ρi.

Thus Theorem 3.1 applies with η = 1/12.
Finally, r0 ≤ Cpk logCp(N+2). Expanding the logarithmic factors in Theorem 3.1 and increasing

Cp gives the support bound (4.1). Assigning total failure probability 1/24 to the sketching routines,
the bicriteria, sketching, and sampling events fail with total probability at most 1/24+1/24+1/12 =
1/6.

We next analyze the running time of the remaining steps. Applying the sparse right OSE to A
takes Õ(nnz(A)) time, and computing the basis V takes Õ(mω

0 ) time because s = Õ(m0). Computing
the residual estimates in (4.4) with the Johnson–Lindenstrauss sketch takes Õ(nnz(A) +mω

0 ) time.
Each Cohen–Peng iteration takes Õp(nnz(A) + mω

0 ) time. The Op(log log(N + 2)) iterations are
absorbed by the logarithmic factors in Õp. Finally, forming the sampling distribution and drawing
the Õp(kε−2) weighted rows take Õp(nnz(A) + kε−2) time. Since m0 ≤ Cpk logCp(N + 2), the total
running time is

Õp

(
nnz(A) + kω + kε−2

)
,

as claimed.

Proof of Theorem 1.1. For the row bound independent of n, first apply Theorem 2.4 to A with
accuracy ε/3 and failure probability 1/12. Denote its output by A0 = S0A and its number of rows
by N0. Equation (2.1) gives

N0 ≤ Cpkε
−4/p

(
log Cpk

ε

)Cp

. (4.5)

Condition on this event and apply Proposition 4.1 to A0 with accuracy ε/3. Since

log Cp(N0 + k)
ε

≤ Cp log Cpk

ε
,

the resulting matrix A1 = S1A0 has at most

Cpkε
−2
(

log Cpk

ε

)Cp

rows after adjusting Cp. By Lemma 2.6, A1 = S1S0A is a (1± ε) strong row coreset for A. The two
stages fail with total probability at most 1/12 + 1/6 = 1/4, which is below 1/3.

Because A0 is a weighted row subset of A, nnz(A0) ≤ nnz(A), and kω ≤ dω. The total running
time is therefore

Õp

(
nnz(A) + dω + kε−2

)
.

Lower bound. For every fixed 1 ≤ p < 2, the upper bound in Theorem 1.1 is tight up to
logarithmic factors whenever 0 < ε < 1/2 and k + 1 ≥ C log(1/ε). Woodruff and Yasuda observed
the following reduction to sampling-based subspace embeddings [WY23, Sec. 1.3]. Set d0 = k + 1,
and for a unit vector x ∈ Rd0 let Fx = x⊥. Then

∥B(I − PFx)∥pp,2 = ∥Bx∥pp.

Thus a strong row coreset for residual queries over all subspaces of rank at most k gives a for-all
sampling-based ℓp embedding. The lower bound of Li, Wang, and Woodruff [LWW21, Theorem 6.1],
applied in dimension d0 = k + 1, therefore requires Ω̃p(kε−2) rows under the stated conditions.
Consequently, the worst-case strong row coreset size is Θ̃p(kε−2) in this parameter range.
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5 One-Round Sampling for p > 2
5.1 Ridge leverage scores

Let A ∈ RN×d, and let Ak be a best rank-k approximation to A in Frobenius norm. Set

λA := ∥A−Ak∥2F
k

.

The ridge leverage score of row i is

τλA
i (A) := a⊤

i (A⊤A+ λAI)†ai,

where † denotes the Moore–Penrose pseudoinverse. When the matrix is clear, we abbreviate this
score to τi. Following Woodruff and Yasuda [WY25], we call sampling with weights

(
τλA

i (A)
)p/2

root ridge leverage score sampling.

Lemma 5.1 (Ridge leverage score trace bound [CMM17]). For λA = ∥A−Ak∥2F /k,

N∑
i=1

τλA
i (A) ≤ 2k.

Proof. If λA = 0, then ∥A−Ak∥F = 0 and hence rank(A) ≤ k. In this case,

N∑
i=1

τ0
i (A) = tr

(
A⊤A(A⊤A)†

)
= rank(A) ≤ k.

Assume now that λA > 0. Let σ1 ≥ σ2 ≥ · · · ≥ 0 be the singular values of A. Then

N∑
i=1

τλA
i (A) = tr

(
A⊤A(A⊤A+ λAI)†

)
=
∑

j

σ2
j

σ2
j + λA

.

The first k summands contribute at most k. For the remaining summands,

∑
j>k

σ2
j

σ2
j + λA

≤ 1
λA

∑
j>k

σ2
j = k.

5.2 The Woodruff–Yasuda one-round theorem

We use the following normalization of the Woodruff–Yasuda one-round guarantee for p > 2 [WY25,
Theorem 3.3].

Theorem 5.2 (Woodruff–Yasuda one-round theorem). Fix p > 2. There are constants cp > 0 and
Cp ≥ 1 such that the following holds. Let A ∈ RN×d with N ≥ 3, let ζ, η ∈ (0, 1/2), and suppose

N ≥ Cpk
p/2

ζ
.
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Set
α := cpζ

2

(logN)3 + log(1/η) .

Let S be an ℓp sampling matrix whose probabilities satisfy

qi ≥ min

1,
Np/2−1(τλA

i (A)
)p/2

α

 .
Then, with probability at least 1− η, simultaneously for every F ∈ Fk,

costSA(F ) = (1± ζ) costA(F )± Cpζ

(
log CpN

ζη

)p/2
OPTA.

5.3 Uniform parameter tuning

The next lemma tunes the internal parameter ζ so that both the multiplicative and additive errors
are at most a prescribed value θ. The upper bound M ≥ N allows the same tuning to be used
throughout the recursion.
Lemma 5.3 (Uniform tuning). Fix M ≥ N ≥ 3 and θ, η ∈ (0, 1/2). Let

L := log
(
CpM

θη

)
, ζ := cpθ

Lp/2 ,

where cp > 0 is sufficiently small. Suppose

N ≥ Cpk
p/2θ−1Lp/2.

Let S be obtained by applying Theorem 5.2 with internal accuracy ζ and failure probability η. Then,
with probability at least 1− η, simultaneously for every F ∈ Fk,

costSA(F ) = (1± θ) costA(F )± θOPTA.

Moreover, the sampling threshold obeys

α ≥ cpθ
2

Lp
(
(logM)3 + log(1/η)

) .
Proof. The assumed lower bound on N implies the size condition in Theorem 5.2, after changing
Cp. Also ζ ≤ θ. For the additive term, observe that

log CpN

ζη
≤ log CpM

θη
+ log θ

ζ

≤ L+ log
(
c−1

p Lp/2) ≤ CpL.

Thus, by taking cp sufficiently small,

Cpζ

(
log CpN

ζη

)p/2
≤ θ.

Together with ζ ≤ θ, this turns the one-round guarantee in Theorem 5.2 into

costSA(F ) = (1± θ) costA(F )± θOPTA

simultaneously for every F ∈ Fk. Finally,

α = cpζ
2

(logN)3 + log(1/η) ≥
cpθ

2

Lp
(
(logM)3 + log(1/η)

) ,
after another adjustment of cp.
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6 Threshold-aware row-count analysis
The retained row count is governed by a sum of truncated powers of ridge leverage scores. The
crucial point is that keeping the entire sampling scale inside the truncation allows this sum to be
bounded by the linear ridge leverage score mass in Lemma 5.1.

Lemma 6.1 (Threshold summation). Let v > 1, c > 0, and τ1, . . . , τN ≥ 0. Then

N∑
i=1

min{1, cτv
i } ≤ c1/v

N∑
i=1

τi.

In particular, if p > 2, v = p/2, and
∑

i τi ≤ 2k,

N∑
i=1

min{1, cτp/2
i } ≤ 2kc2/p.

Proof. Set yi = c1/vτi. For every y ≥ 0,

min{1, yv} ≤ y.

Indeed, if 0 ≤ y ≤ 1, then yv ≤ y, while if y > 1, then min{1, yv} = 1 < y. Therefore

min{1, cτv
i } = min{1, yv

i } ≤ yi = c1/vτi.

Summing over i proves the claim. Equality at τi = c−1/v shows that the factor c1/v is best
possible.

Corollary 6.2 (Expected one-round row count). Fix p > 2 and 1 ≤ k < d. Let A ∈ RN×d and
α > 0, and set λA = ∥A−Ak∥2F /k. Let S be the ℓp sampling matrix associated with

qi = min
{

1, N
p/2−1τ

p/2
i

α

}
,

where τi = τλA
i (A). Then

E[nnz(S)] ≤ 2kα−2/pN1−2/p.

Proof. Apply Lemma 6.1 with c = Np/2−1/α and use Lemma 5.1:

E[nnz(S)] =
N∑

i=1
qi

≤ 2k
(
Np/2−1

α

)2/p

= 2kα−2/pN1−2/p.

To use the improved expectation bound in the recursive construction, we also need a high-
probability bound on the retained row count.

Lemma 6.3 (Bernoulli row-count concentration). Let Z be a sum of independent Bernoulli random
variables with mean µ. For every η ∈ (0, 1/2),

P
[
Z > 3

(
µ+ log(1/η)

)]
≤ η.
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Proof. Set L := log(1/η) and
t := 2

√
µL+ 2L.

Bernstein’s inequality gives

P[Z − µ ≥ t] ≤ exp
(
− t2

2(µ+ t/3)

)
≤ e−L = η.

Here the second inequality follows from t2 ≥ 2L(µ+ t/3). Moreover, 2
√
µL ≤ µ+ L, and hence

µ+ t ≤ 2µ+ 3L ≤ 3(µ+ L).

The claimed bound follows.

Combining Corollary 6.2 and Lemma 6.3, one sampling round on an N -row matrix produces at
most

O
(
kα−2/pN1−2/p + log(1/η)

)
rows with probability at least 1− η.

7 Recursive Construction for p > 2
We obtain the final coreset by applying the one-round sampler recursively to the current weighted
matrix. The recursion stops when the number of active rows falls below a prescribed threshold or
after a bounded number of rounds. The next subsection analyzes the resulting row-count recurrence
and shows that the latter number of rounds suffices to reach its fixed-point bound. We then apply
the Woodruff–Yasuda pre-sparsification from Theorem 2.4. The reduced input size ensures that a
single recursive reduction achieves the desired row bound.

7.1 Inner recursive sampling

Fix an active matrix A(0) ∈ RN×d with N ≥ 1, a target relative error ρ ∈ (0, 1/2), and a failure
probability η ∈ (0, 1/2). Set

γ := 1− 2
p
∈ (0, 1)

and
r := max

{
1,
⌈ log log(max{ee, N})

− log γ

⌉}
.

Choose
θ := cρ

r
, η0 := η

4r ,

where c > 0 is a sufficiently small absolute constant, and define

L := log
(
CpN

θη0

)
, ζ := cpθ

Lp/2 .

Finally, set the stopping threshold

Nmin := Cpk
p/2

ζ
= Cp

cp
kp/2θ−1Lp/2.
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The parameter choices imply, after increasing Cp if necessary,

r ≤ CpL, logN ≤ L, log(1/η0) ≤ L, L ≤ Cp log
(
CpN

ρη

)
. (7.1)

These relations follow from θη0 = cρη/(4r2) and r = Op(log log(max{ee, N})).
In round t, let A(t−1) be the current weighted active matrix and let Nt−1 be its number of rows.

If Nt−1 ≤ Nmin, stop and output the current matrix. Otherwise compute the ridge leverage scores
of A(t−1) at

λt−1 := ∥A
(t−1) − (A(t−1))k∥2F

k
,

set
αt := cpζ

2

(logNt−1)3 + log(1/η0) ,

and sample independently with

q
(t)
i := min

1,
N

p/2−1
t−1

(
τ

λt−1
i (A(t−1))

)p/2

αt

 .
Let A(t) = StA

(t−1) after deleting zero rows. The sampler only deletes rows, so Nt ≤ Nt−1 ≤ N in
every round. The procedure executes at most r rounds.

7.2 Row-count contraction and its fixed point

We first isolate the deterministic fixed-point calculation. We then combine it with the high-probability
row bound from Section 6.

Lemma 7.1 (Fixed-point recurrence; cf. [MMWY22]). Let γ ∈ (0, 1) and let N0 ≥ 3. Suppose

Nt ≤ KNγ
t−1 (t = 1, . . . , r),

where K ≥ 1 and
r ≥ log logN0

− log γ .

Then
Nr ≤ eK1/(1−γ).

In particular, when γ = 1− 2/p,
Nr ≤ eKp/2.

Proof. If some Nt = 0, the conclusion is immediate. Otherwise set at := logNt. Then

at ≤ γat−1 + logK.

Unrolling gives

ar ≤ γr logN0 + (logK)
r−1∑
j=0

γj ≤ 1 + logK
1− γ .

Exponentiating proves the claim.
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Proposition 7.2 (High-probability row bound). Fix p > 2, let A(0) ∈ RN×d with N ≥ 1 and
1 ≤ k < d, and let ρ, η ∈ (0, 1/2). Let the recursive procedure and the parameter L be as defined in
Section 7.1. With probability at least 1− η/2, the output has at most

Cp
kp/2

ρ2 Lp+5

rows.

Proof. The definition of L is the common tuning scale in Lemma 5.3 with M = N , target error θ,
and failure probability η0. Since Nt−1 ≤ N , the thresholds satisfy

αt ≥ α∗ := cpθ
2

Lp
(
(logN)3 + log(1/η0)

) .
Conditioned on all previous rounds, Corollary 6.2 gives

µt := E[Nt | A(t−1)] ≤ 2kα−2/p
t N

1−2/p
t−1 .

By Lemma 6.3, except with conditional probability at most η0,

Nt ≤ Cpkα
−2/p
t N

1−2/p
t−1 + Cp log(1/η0)

≤ KN1−2/p
t−1 ,

where
K := Cp

(
kα

−2/p
∗ + log(1/η0)

)
.

After increasing Cp, we have K ≥ 1. The last inequality uses N1−2/p
t−1 ≥ 1. A union bound shows

that this recurrence holds in every executed round with probability at least 1− rη0 ≥ 1− η/4.
If the algorithm stops early, the output has at most

Nmin ≤ Cpk
p/2θ−1Lp/2 ≤ Cp

kp/2

ρ2 Lp+5

rows, using Equation (7.1) and ρ < 1. Otherwise, the algorithm executes all r rounds. In this case
N > Nmin ≥ 3, and the definition of r gives

r ≥ log logN
− log(1− 2/p) .

Thus all hypotheses of Lemma 7.1 hold, and it yields

Nr ≤ eKp/2

≤ Cp

(
kp/2α−1

∗ +
(
log(1/η0)

)p/2)
.

Now
α−1

∗ ≤ Cpθ
−2Lp((logN)3 + log(1/η0)

)
≤ Cpρ

−2r2Lp+3

≤ Cpρ
−2Lp+5.

The last two inequalities use θ = cρ/r and Equation (7.1). Also
(
log(1/η0)

)p/2 ≤ Lp/2, which is
absorbed by the same bound because k ≥ 1 and ρ < 1. This proves the claim after adjusting
constants.
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7.3 Accumulation of the approximation error

The row-count analysis does not by itself control the distortion accumulated across the recursive
rounds. We next show that the mixed additive-multiplicative guarantees from the executed rounds
compose to a multiplicative guarantee.

For t ≥ 0, write
Ct(F ) := costA(t)(F ), OPTt := min

F ∈Fk

Ct(F ).

Lemma 7.3 (Composition of additive-multiplicative rounds). Let θ ∈ (0, 1/2) and let T ≥ 0 be an
integer. Suppose that for every t = 1, . . . , T and every F ∈ Fk,

Ct(F ) = (1± θ)Ct−1(F )± θOPTt−1.

If Tθ ≤ c0 for a sufficiently small absolute constant c0, then

CT (F ) = (1± CTθ)C0(F ) for every F ∈ Fk,

where C is an absolute constant.
Proof. Let F ∗ minimize C0. Since OPTt−1 ≤ Ct−1(F ∗),

Ct(F ∗) ≤ (1 + θ)Ct−1(F ∗) + θOPTt−1 ≤ (1 + 2θ)Ct−1(F ∗).

Hence
OPTt ≤ Ct(F ∗) ≤ (1 + 2θ)tOPT0 ≤ 2OPT0

when Tθ is sufficiently small. For arbitrary F , unrolling the upper recurrence gives

CT (F ) ≤ (1 + θ)TC0(F ) + θ
T −1∑
s=0

(1 + θ)T −1−sOPTs

≤ eT θC0(F ) + 2TθeT θOPT0

≤ (1 + CTθ)C0(F ),

because OPT0 ≤ C0(F ). Similarly,

CT (F ) ≥ (1− θ)TC0(F )− θ
T −1∑
s=0

(1− θ)T −1−sOPTs

≥ (1− Tθ)C0(F )− 2TθOPT0

≥ (1− 3Tθ)C0(F ).

This proves the claim.

7.4 The recursive reduction

The row-count and approximation analyses above combine into the following reduction. We will
apply it once to the pre-sparsified matrix.
Theorem 7.4 (Recursive reduction). Fix p > 2. Given A ∈ RN×d with N ≥ 1, k ≥ 1, and
ρ, η ∈ (0, 1/2), the recursive procedure above outputs a weighted row subset A′ such that, with
probability at least 1− η,

costA′(F ) = (1± ρ) costA(F ) for every F ∈ Fk,

and A′ has at most
Cp
kp/2

ρ2

(
log CpN

ρη

)p+5
rows.
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Proof. The row bound follows from Proposition 7.2 and Equation (7.1), since

L ≤ Cp log
(
CpN

ρη

)
.

For the approximation guarantee, condition on the current active matrix in each round. Because
the algorithm continues only when Nt−1 > Nmin, Lemma 5.3 applies with M = N , target θ, and
failure probability η0. Thus, except with conditional probability at most η0, the round satisfies

Ct(F ) = (1± θ)Ct−1(F )± θOPTt−1

simultaneously for every F ∈ Fk. Let T ≤ r be the number of rounds actually executed. A union
bound over at most r rounds gives all of these events with probability at least 1− rη0 ≥ 1− η/4.
Since Tθ ≤ rθ = cρ, Lemma 7.3 gives a (1± ρ) multiplicative guarantee when c is sufficiently small.
Combining this event with Proposition 7.2 gives success probability at least 1− 3η/4 ≥ 1− η.

Remark 7.5 (Implementation and running time). The implementation does not require the exact
value of λA or the exact ridge leverage scores. Using the routines in [CMM17, WY25], one may
compute a constant-factor estimate of λA together with high-probability score estimates that, after
adjusting constants, satisfy

τλA
i (A) ≤ τ̂i ≤ CτλA

i (A),
∑

i

τ̂i = O(k).

Using τ̂i in the sampling probabilities only increases the probabilities required by Theorem 5.2,
while Lemma 6.1 applies directly to the linear mass

∑
i τ̂i. Thus every approximation and row-count

bound above remains valid up to constants. The score estimation and sampling primitives run in
Õp(nnz(A) + dω) time over the recursive reduction as shown in [WY25]. Allocating the unused
constant fraction of the failure budget to the estimation events preserves the success probability in
Theorem 7.4.

7.5 Completion of the p > 2 construction

Proof of Theorem 1.2. Apply Theorem 2.4 to A with accuracy ε/3 and failure probability δ/2. On
its success event, the resulting weighted row subset A0 = S0A satisfies

N0 ≤ Cpk
p/2ε−p

(
log Cpk

εδ

)Cp

(7.2)

and preserves every cost within a factor 1± ε/3.
Condition on this event and apply Theorem 7.4 once to A0, with ρ = ε/3 and η = δ/2. The

output A1 = S1A0 has at most
Cpk

p/2

ε2

(
log CpN0

εδ

)p+5

rows. By Equation (7.2), and because p is fixed,

log CpN0
εδ

≤ Cp log Cpk

εδ
.

After adjusting Cp, this is the row bound in Theorem 1.2.
The two stages fail with total probability at most δ. On their common success event, Lemma 2.6

shows that A1 preserves all rank-at-most-k subspace costs within a factor 1± ε. Moreover, A1 =
(S1S0)A remains a weighted row subset of the original input.

The first stage takes Õp(nnz(A)+dω) time by Theorem 2.4. By Remark 7.5, the second stage takes
Õp(nnz(A0) + dω) time. Since nnz(A0) ≤ nnz(A), the total running time is Õp(nnz(A) + dω).
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A Auxiliary Process Estimates for 1 ≤ p < 2
The proof of Theorem 3.1 decomposes each normalized query loss into the four coordinates in
(3.13). The directional and duality-map estimates below control VF and HF , respectively. The
row-augmented subspace estimate controls W⊥

F , and the final Lewis-weight estimate controls TF .
The scalar composition lemma then recovers the full loss from these four quantities. We formulate
the estimates independently of the coreset notation so that their hypotheses are transparent when
they are invoked in the main proof.

A.1 Directional and duality-map classes

Both classes in this subsection are indexed by linear maps out of an r-dimensional space, but their
values may lie in an arbitrarily large Hilbert space. The estimates therefore retain the parameter r
while avoiding any dependence on the ambient dimension. The first class records the pairing of the
unit direction J1(Ayi) with zi. The second replaces J1 by Jp, which also records the magnitude of
Ayi. In both proofs, one Gaussian sketch is shared by the entire function class. After sketching,
the functions are controlled by at most Lr real parameters, independently of the dimension of
the Hilbert space. For the applications in this paper, the reader may simply take H = RD for an
arbitrary D; the Hilbert-space formulation emphasizes that the bounds do not depend on D.

Lemma A.1 (Directional entropy at p = 1). Let r,M ≥ 1 and B ≥ 0, let H be a real Hilbert
space, and let ν be a probability law supported on at most M indices. Let yi ∈ Rr and zi ∈ H satisfy
∥zi∥ ≤ B. For arbitrary linear maps A : Rr → H, define

gA(i) = ⟨J1(Ayi), zi⟩ .

Then, for every δ > 0,

logN(δ, {gA}, L2(ν)) ≤ CB2rδ−2 log
(
C(M + r + 2)

)
. (A.1)

The convention J1(0) = 0 is included.

Proof. Since the zero map A = 0 gives the zero function and |gA(i)| ≤ B, a single L2(ν)-ball centered
at zero covers the class when δ ≥ B. Hence assume δ < B, so L = ⌈CB2δ−2⌉ ≥ 2 after fixing the
absolute constant. Fix an arbitrary finite δ-packing P. Only the finitely many functions in this
packing matter, so choose one representing map A for each of them and use P also for this set of
representatives. Only the finitely many vectors Ayi with A ∈ P and i ∈ supp(ν), together with the
vectors zi for those same indices, matter. Let g1, . . . , gL be independent standard Gaussian vectors
in their finite-dimensional span and put

ĝA(i) = 1
γ1L

L∑
ℓ=1

sgn
(
⟨gℓ, Ayi⟩

)
⟨gℓ, zi⟩ ,

Here sgn(0) = 0, and γ1 is the Gaussian moment defined in (2.12). For x ≠ 0, rotational invariance
gives E[sgn(⟨g, x⟩)g] = γ1J1(x); both sides are zero when x = 0. Taking the inner product with zi

gives EĝA(i) = gA(i) for A ∈ P, and E|ĝA(i)− gA(i)|2 ≤ CB2/L. Averaging over P and applying
Markov’s inequality shows that the expected fraction of maps for which the L2(ν) error exceeds δ/8
is at most 1/8, after increasing the constant in L. Fix a realization for which at least 7/8 of the
packing is approximated within δ/8.

For fixed g1, . . . , gL, write X = GA ∈ RL×r. The coefficients ⟨gℓ, zi⟩ are now fixed, so the sketch
is determined by the ternary signs of (Xyi)ℓ. As the row Xℓ,∗ varies in Rr, these are the signs
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of M0 := | supp(ν)| ≤ M linear polynomials in r variables. Discard the identically zero forms,
whose signs are fixed, and let M1 ≤M0 be the number that remain. If M1 ≥ r, the zero-inclusive
sign-assignment bound of Goldberg and Jerrum [GJ95, Corollary 2.1] gives at most (8eM1/r)r

patterns; if M1 < r, the trivial bound is 3M1 . In either case the number is at most [C(M + r + 2)]r.
Multiplying over the L rows gives at most [C(M + r+ 2)]Lr possible sketches. The retained packing
therefore satisfies the logarithmic bound in (A.1), and restoring the discarded elements changes its
size by at most a factor of 8/7. The same estimate holds for every finite packing, so a maximal
packing yields the required cover. The sign count includes zero signs, and hence no separate
continuity argument is needed.

Lemma A.2 (Duality-map entropy). Let r,M ≥ 1 and B ≥ 0, let H be a real Hilbert space, and
let ν be supported on at most M indices. Let yi ∈ Rr, αi ≥ 0, and zi ∈ H satisfy ∥zi∥ ≤ B. Let A
be a nonempty family of linear maps A : Rr → H. Fix 1 ≤ p ≤ 2 and define

hA(i) = p ⟨Jp(αiAyi), zi⟩ .

If 1 < p ≤ 2, define the empirical p-energy of the class by

Eν = sup
A∈A

∑
i

νi∥αiAyi∥p,

and assume Eν <∞. Then, for every δ > 0,

logN(δ, {hA}, L2(ν)) ≤ Õp,B

(
rE 2−2/p

ν δ−2
)
. (A.2)

The logarithms depend only on M + r + 2, 1 + 1/δ, and 1 + Eν . In this range,

sup
A
∥hA∥L2(ν) ≤ Cp,BE

1−1/p
ν . (A.3)

At p = 1, the entropy is ÕB(rδ−2) for every δ > 0, and the class has radius O(B).

Proof. Assume first 1 < p ≤ 2, B > 0, and Eν > 0. Put ψp(0) = 0 and ψp(t) = |t|p−2t for t ̸= 0.
Fix an arbitrary finite δ-packing P, choose one representing map A for each function, and use P
also for this set of representatives. Let H0 be the span of the finitely many vectors Ayi with A ∈ P
and i ∈ supp(ν), together with the vectors zi for those same indices. Let g1, . . . , gL be independent
standard Gaussians in H0 and define

ĥA(i) = p

γpL

L∑
ℓ=1

ψp
(
⟨gℓ, αiAyi⟩

)
⟨gℓ, zi⟩ . (A.4)

Differentiating E| ⟨g, x⟩ |p = γp∥x∥p gives

E
[
ψp(⟨g, x⟩)g

]
= γpJp(x),

and hence EĥA = hA. To bound the variance despite the correlation between the two Gaussian
factors, suppose first that x ≠ 0. Write x̂ = x/∥x∥ and z = ax̂+ z⊥, where z⊥ ⊥ x. For a standard
scalar Gaussian ξ, independence of the parallel and orthogonal Gaussian components gives

E |ψp(⟨g, x⟩) ⟨g, z⟩|2 = ∥x∥2p−2
(
a2E|ξ|2p + ∥z⊥∥2E|ξ|2p−2

)
≤ Cp∥z∥2∥x∥2p−2.
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The same bound is immediate when x = 0. Since ν is a probability law and 2p−2 ≤ p, monotonicity
of moments gives, for every nonnegative sequence (ai),

∑
i

νia
2p−2
i ≤

(∑
i

νia
p
i

)(2p−2)/p

.

Applying this inequality to ai = ∥αiAyi∥ yields

sup
A

E∥ĥA − hA∥2L2(ν) ≤
Cp,BE

2−2/p
ν

L
. (A.5)

The pointwise bound |hA(i)| ≤ pB∥αiAyi∥p−1 and the same moment inequality give

∥hA∥L2(ν) ≤ pB
(∑

i

νi∥αiAyi∥2p−2
)1/2

≤ pBE1−1/p
ν . (A.6)

Thus the class has diameter at most 2pBE1−1/p
ν . When δ ≥ 2pBE1−1/p

ν , a single ball centered at
any member of the class gives a cover. In the remaining case, choose

L =
⌈
Cp,BE

2−2/p
ν δ−2

⌉
. (A.7)

The nontrivial-scale assumption makes the quantity inside the ceiling bounded below by a positive
constant depending only on p,B.

Write Gx = (⟨gℓ, x⟩)L
ℓ=1, XA = GA, and equip RL×r with the quotient seminorm

∥X∥ν,α,p =
(∑

i

νiα
p
i ∥Xyi∥p2

)1/p

.

This seminorm can vanish on a nonzero matrix, because only its action on the vectors αiyi in the
support of ν matters. We therefore identify two matrices when their difference has zero seminorm.
Let N = {X : ∥X∥ν,α,p = 0}. The quotient V = RL×r/N is a normed space of dimension at most
Lr; the sketched function depends only on the class of X in this quotient. Gaussian moments give

E∥XA∥pν,α,p ≤ CpL
p/2Eν .

We next choose one sketch that works for a large subset of the packing. Increase the constant in
(A.7) so that, for every A ∈ P,

P{∥ĥA − hA∥L2(ν) > δ/8} ≤ 1/64, P{∥XA∥ν,α,p > Cp

√
LE1/p

ν } ≤ 1/64.

The first inequality follows from (A.5) and Markov’s inequality, and the second follows from the
preceding pth-moment estimate. The expected fraction of packing elements failing each inequality
is at most 1/64; a second Markov inequality makes each fraction at most 1/8 except on an event of
probability at most 1/8.

For every i ∈ supp(ν), Gaussian concentration for the norm of a Gaussian vector gives

P
{
∥Gzi∥ > CB

√
L+ log(8M + 8)

}
≤ 1

8M + 8 .

A union bound makes this simultaneous envelope event have probability at least 7/8. The two
fraction bounds and the envelope event therefore hold simultaneously with positive probability. Fix
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such a realization of G and remove the two exceptional subsets. At least 3|P|/4 elements remain;
each retained function is approximated within δ/8, and each retained XA lies in the quotient ball

∥XA∥ν,α,p ≤ Cp

√
LE1/p

ν . (A.8)

Moreover, the retained sketched functions form a 3δ/4-packing by the triangle inequality.
For a matrix X, let ĥX denote the function obtained from (A.4) by replacing XA with X.

The Hölder estimate |ψp(a)− ψp(b)| ≤ Cp|a− b|p−1, followed by Cauchy–Schwarz, and ∥v∥p−1
2p−2 ≤

L(2−p)/2∥v∥p−1
2 imply, row by row and then in L2(ν),

∥ĥX − ĥX′∥L2(ν) ≤ CpBκL
(1−p)/2

(∑
i

νi∥αi(X −X ′)yi∥2p−2
)1/2

≤ CpBκL
(1−p)/2∥X −X ′∥p−1

ν,α,p, κ =
(

1 + log(8M + 8)
L

)1/2
.

The last step again uses monotonicity of moments under the probability law ν. Consequently, two
quotient points within distance

η = cp,B

√
L (δ/(Bκ))1/(p−1)

produce sketched functions within δ/8, after reducing cp,B if necessary. If η exceeds the radius
in (A.8), one net point suffices. Otherwise, take a maximal η-separated subset of the ball. The
radius-η/2 balls around its points are disjoint and lie in the ball with radius enlarged by η/2.
Comparing their volumes in the at most Lr dimensional space V gives at most(

1 + Cp,BE
1/p
ν (Bκ/δ)1/(p−1)

)Lr
(A.9)

mesh points. No two retained 3δ/4-separated sketches can be assigned to the same mesh point.
Hence |P| is at most twice (A.9). Substituting (A.7) and absorbing the logarithm of the parenthesis
into polylog(M + r + 2, 1 + δ−1, 1 + Eν) proves (A.2). Since the argument applies to every finite
packing, a maximal packing gives a cover after changing δ by an absolute constant.

The asserted radius bound (A.3) follows from (A.6). If Eν = 0, every αiAyi vanishes on the
support of ν, so the class is the zero function. If B = 0 the same conclusion is immediate.

At p = 1, positive αi disappear inside J1, while zero αi give a fixed zero coordinate. Apply the
packing argument of Lemma A.1 to the vectors αiyi (or, equivalently, delete the zero coordinates).
Its use of the same Gaussian sketch for every function, together with the zero-inclusive sign count,
gives ÕB(rδ−2), including the strata Ayi = 0, and |hA(i)| ≤ B gives the asserted radius. This also
covers Eν = 0 at the endpoint.

Corollary A.3 (Conditional duality-map complexity). For an empirical law ν = m−1∑m
s=1 δIs , the

class in Lemma A.2 satisfies, conditionally on the sampled indices,

Rabs
m ({hA} | I1, . . . , Im) ≤ Õp,B

((
E 1−1/p

ν + E (1−1/p)/2
ν

)√ r

m

)
for p > 1, and ÕB(

√
r/m) for p = 1.

Proof. Suppose first that p > 1. If Eν = 0, the class is zero by Lemma A.2. Otherwise apply the
truncated Dudley bound (2.9) to the class with zero and negatives adjoined, using (A.2) and (A.3).
Adjoining these functions increases each covering number by at most a constant factor. Truncate
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the entropy integral at the L2(ν) radius divided by m and write a = 1 − 1/p. Up to the stated
logarithmic factors, (A.2) gives

√
logN(u, {hA}, L2(ν)) ≤ Õp,B

(√
r Ea

ν

u

)
,

while (A.3) bounds the integration range by Op,B(Ea
ν ). Substitution into the Dudley integral

gives the Ea
ν

√
r/m term. For Eν ≤ 1, the additional lower-scale logarithm is absorbed using

xa(1 + log(1/x))c ≤ Ca,cx
a/2; for Eν > 1, it is already among the logarithms in 1 + Eν . At p = 1,

the same truncated Dudley bound applied to the endpoint entropy and radius in Lemma A.2 gives
the stated estimate directly.

A.2 Entropy of row-augmented subspace distances

The next estimate is used for the component of a residual vector orthogonal to both the query
subspace and its associated low-rank row. It bounds the metric entropy of this class in terms of the
query dimension k, with no dependence on the ambient dimension.

Related uses of random projections for affine-space distances, projective clustering, and subspace
approximation appear in [Mag07, KR15, CW25]. Here we need a different guarantee: an L2(q)
packing bound for the row-dependent augmented spaces F + span{bi}.

Theorem A.4 (Row-augmented subspace entropy). Let H be a finite-dimensional real Hilbert
space and let q be a finitely supported probability law. Let ui ∈ H be unit vectors and let bi ∈ H be
arbitrary fixed vectors, including zero. For every k-dimensional subspace F ⊆ H, define

fF (i) = dist(ui, F + span{bi})p, 1 ≤ p ≤ 2.

For 0 < δ ≤ 1 and k ≥ 1,

logN(δ, {fF }, L2(q)) ≤ Cpkδ
−2 polylog(k + 2, 1/δ), (A.10)

independently of the number of rows and the ambient dimension.

Proof. Fix a finite δ-packing P . We first compress it to k+Op(δ−2) dimensions and retain a constant
fraction whose pairwise distances survive the compression. We then bound the pseudodimension of
the compressed class using Grassmann charts.

Let
s = ⌈Cpδ

−2⌉, L = k + 1 + s,

and take a Gaussian map R : H → RL represented in orthonormal bases by a matrix with
independent N(0, 1/L) entries. Put Gi(F ) = F + span{bi}, mi(F ) = dimGi(F ) ∈ {k, k + 1}, and
cm = (L/(L−m))p/2. Define

hF,R(i) = cmi(F ) dist(Rui, RGi(F ))p.

The normalization cm removes the deterministic shrinkage caused by the dimension of the orthogonal
complement. Without it, the projected distance contains a factor (1 −m/L)p/2, whose squared
deviation from one need not be O(1/s) when k ≫ s.

To identify the distribution of the projected distance, decompose ui into its projection onto
Gi(F ) and an orthogonal residual vi,F . Put ρi,F = ∥vi,F ∥ = dist(ui, Gi(F )) and ℓi,F = L−mi(F ).
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Conditional on R|Gi(F ), the vector Rvi,F is independent of RGi(F ) and has covariance ρ2
i,F IL/L.

Its projection onto (RGi(F ))⊥ therefore has ℓi,F Gaussian degrees of freedom, and

hF,R(i) = ρp
i,F

(
Xℓi,F

ℓi,F

)p/2

, Xℓi,F
∼ χ2

ℓi,F
, ℓi,F ≥ s. (A.11)

almost surely. Since ρi,F ≤ 1, E(Xℓ/ℓ − 1)2 = 2/ℓ, and |xp/2 − 1| ≤ |x − 1| for 0 < p/2 ≤ 1, we
obtain

ER∥hF,R − fF ∥2L2(q) ≤ 2/s.

Increase the constant in s until the right-hand side is at most δ2/213. For each F ∈ P , Markov gives

P{∥hF,R − fF ∥L2(q) > δ/8} ≤ 1/128.

Thus the expected fraction of elements of P that fail this bound is at most 1/128, and another
application of Markov’s inequality makes that fraction at most 1/8 except on an event of probability
at most 1/16.

Since ui is a unit vector and Gaussian moments are bounded for fixed p ≤ 2, ER
∑

i qi∥Rui∥2p ≤
Cp. Markov therefore shows that the event∑

i

qi∥Rui∥2p ≤ Cp. (A.12)

has probability at least 7/8, after enlarging Cp. A Gaussian map is also injective on each of the
finitely many relevant spaces Gi(F ) with probability one, since each has dimension at most k+1 ≤ L.
We may therefore fix a realization R for which the packing-retention and envelope events hold and
all relevant restrictions are injective. In particular, RGi(F ) has dimension k + 1 whenever bi /∈ F .
Discard the packing elements that fail the approximation bound. The retained set PR has size at
least 7|P|/8, and its sketched functions are a 3δ/4-packing by the triangle inequality.

Fix this R and put xi = Rui and ai = Rbi. Injectivity on Gi(F ) implies mi(RF ) = mi(F ), so
the retained sketches belong to the class obtained by allowing every E ∈ Gr(k, L). Define

hE(i) = cmi(E) dist(xi, E + span{ai})p, mi(E) =
{
k, ai ∈ E,
k + 1, ai /∈ E.

With c∗ = ck+1 and Renv
i = c∗∥xi∥p, we have 0 ≤ hE(i) ≤ Renv

i and R2 :=
∑

i qi(Renv
i )2 ≤ Cpc

2
∗ by

(A.12). Set η = δ/16. If R ≤ η, one ball centered at zero covers the class, so the retained packing
has at most one element. Otherwise, discard the zero-envelope coordinates and set

gE(i) = hE(i)/Renv
i , q̂i = qi(Renv

i )2/R2.

Then 0 ≤ gE ≤ 1 and
∥hE − hE′∥L2(q) = R∥gE − gE′∥L2(q̂). (A.13)

We next bound the pseudodimension of the compressed class, treating the degenerate branch
ai ∈ E separately. Write ℓ = L− k = s+ 1. On a standard Grassmann chart parameterize E⊥ by
the columns of

ZB =
(
B

Iℓ

)
, B ∈ Rk×ℓ, QB = ZB(Z⊤

BZB)−1Z⊤
B .
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Here QB is the orthogonal projector onto E⊥. There are
(L

ℓ

)
such charts and dch = kℓ parameters

per chart. Let ∆ = det(Iℓ +B⊤B) > 0. For fixed x = xi, a = ai, write

x⊤QBx = NX/∆, a⊤QBa = NA/∆, x⊤QBa = NC/∆,

where the numerators have degree O(ℓ) and NA ≥ 0. If NA > 0,

dist(x,E + span{a})2 = NXNA −N2
C

∆NA
; (A.14)

if NA = 0, equivalently a ∈ E, the squared distance is NX/∆. For a pseudodimension threshold
τi at sample point i, the inequality gE(i) > τi is identically true when τi < 0 and identically false
when τi ≥ 1. For 0 ≤ τi < 1, set, separately for m = k, k + 1,

θi,m =
(
τiR

env
i

cm

)2/p

.

After raising the threshold inequality to the power 2/p, gE(i) > τi is equivalent to(
NA = 0 and NX − θi,k∆ > 0

)
or

(
NA > 0 and NXNA −N2

C − θi,k+1∆NA > 0
)
.

Thus the zero-denominator branch is included as a separate semialgebraic stratum. The thresholds
may vary with i, as required in the definition of pseudodimension. If v ≤ dch, the desired pseu-
dodimension bound is immediate, so assume v > dch. Across v thresholded rows, the predicates
on one chart involve O(v) polynomials of degree O(ℓ) in dch real parameters. The zero-inclusive
sign-assignment bound of Goldberg and Jerrum [GJ95, Corollary 2.1] gives at most(

Cℓv

dch

)dch

≤ (Cℓv)dch

labelings on one chart. Summing over the charts gives at most(
L

ℓ

)
(Cℓv)dch

labelings. If v points were shattered, then

v ≤ log2

(
L

ℓ

)
+ dch log2(Cℓv).

Since log
(L

ℓ

)
≤ ℓ log(eL/ℓ) ≤ Cdch log(L+ 2) and dch = kℓ ≤ L2, solving this inequality for v gives

Pdim({gE}) ≤ Cdch log(L+ 2).

The pseudodimension entropy bound (2.10) and (A.13), with c∗ = [1 + (k + 1)/s]p/2, give

logN(η, {hE}, L2(q)) ≤ Ck(s+ 1) log(L+ 2) log(CR/η).

Indeed R ≤ Cpc∗ by (A.12), and

log(CR/η) ≤ Cp
(
log(k + 2) + log(1/δ)

)
.

Since s = Op(δ−2), this is the right-hand side of (A.10). Each L2(q)-ball of radius η contains at most
one member of the retained 3δ/4-packing. Hence the cover bounds |PR|, and |P| ≤ (8/7)|PR| gives
the same logarithmic estimate for the original packing, up to an additive constant. The estimate
holds for every finite δ-packing, and a maximal packing gives the required δ-cover.
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Corollary A.5 (Rank-at-most row-augmented entropy). Let H be a finite-dimensional real Hilbert
space, let q be a finitely supported probability law, let ui ∈ H be unit vectors, and let bi ∈ H be fixed
vectors. Fix k ≥ 1 and B, T0 > 0. Suppose that 0 ≤ βp

i ≤ B, and associate with every subspace
F ⊆ H of dimension at most k a scalar tF ∈ [0, T0]. Then the class

i 7−→ tpFβ
p
i dist(ui, F + span{bi})p (F ⊆ H, dimF ≤ k)

has
logN(δ,G, L2(q)) ≤ Õp,B,T0(kδ−2) (0 < δ ≤ 1),

where G denotes the displayed class.

Proof. For each 1 ≤ j ≤ k, apply Theorem A.4 to the stratum dimF = j. Indeed, for a, a′ ∈ [0, T p
0 ]

and two such subspaces F, F ′, the triangle inequality gives

∥aβpfF − a′βpfF ′∥L2(q) ≤ BT
p
0 ∥fF − fF ′∥L2(q) +B|a− a′|.

Here multiplication by βp is row-wise. Thus a suitably rescaled cover from Theorem A.4, together
with a grid of mesh cB,T0δ for a = tpF , covers this stratum. The j = 0 stratum contains only F = {0}.
Taking the union of the k + 1 covers adds only log(k + 1) to the entropy.

A.3 A scalar composition lemma

The following deterministic lemma shows that the parallel power is a Lipschitz function of the first
three scalar coordinates introduced in Section 3.1.3. Its bound includes zero amplitudes, both signs
of the parallel residual, and exact cancellation.

Lemma A.6 (Lipschitz scalar decoder). Fix 1 ≤ p ≤ 2. For a, b ≥ 0 and σ ∈ {−1, 1} define

T = ap, V = bp, H = pσap−1b, U = |a+ σb|p.

At p = 1 set H = 0 when a = 0. For another a′, b′ ≥ 0 and σ′ ∈ {−1, 1}, define T ′, V ′, H ′, U ′

analogously. Then
|U − U ′| ≤ Cp

(
|T − T ′|+ |V − V ′|+ |H −H ′|

)
, (A.15)

where Cp depends only on p. This includes sign changes, exact cancellation, and zero amplitudes.

Proof. Assume first 1 < p ≤ 2. Put S = T + V . When S > 0, let

t = T/S, α(t) = t1/p, β(t) = (1− t)1/p,

h(t) = p t(p−1)/p(1− t)1/p, uσ(t) = |α(t) + σβ(t)|p.

Then (T, V,H,U) = S(t, 1− t, σh(t), uσ(t)). We claim

|uσ(t)− uσ(s)| ≤ Cp
(
|t− s|+ |h(t)− h(s)|

)
. (A.16)

Write ρ = (p− 1)/p. In (0, 1),

u′
+(t) = (α+ β)p−1[t−ρ − (1− t)−ρ],

|u′
−(t)| = |α− β|p−1[t−ρ + (1− t)−ρ], h′(t)

h(t) = ρ− t
t(1− t) .
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For fixed p, these formulas give
|u′

σ(t)| ≤ Cp(1 + |h′(t)|)

on (0, ρ/2] and [3/4, 1): near zero, t−ρ is controlled by |h′(t)|, and near one the same is true of
(1− t)−ρ. Both uσ and h are Cp-Lipschitz on the middle interval [ρ/2, 3/4], while h is monotone
on each endpoint interval. Thus, integrating on any one of the three intervals gives (A.16). If [s, t]
crosses one boundary, apply these bounds on the two pieces and use the Lipschitz bound for h on
the middle piece. If it crosses both boundaries, then |t− s| ≥ 3/4− ρ/2 ≥ 1/2, and the claim follows
directly from the boundedness of uσ. This proves (A.16) on [0, 1], including the cancellation point
of u−, by continuity.

For two tuples of the same sign, say S ≥ S′ > 0,

|Suσ(t)− S′uσ(t′)| ≤ Cp|S − S′|+ CpS
′(|t− t′|+ |h(t)− h(t′)|

)
.

Moreover,
|S − S′| ≤ |T − T ′|+ |V − V ′|, S′|t− t′| ≤ |T − T ′|+ |S − S′|,

S′|h(t)− h(t′)| ≤ |H −H ′|+ 2|S − S′|.

This proves (A.15) for equal signs, including S′ = 0 by a direct limit.
Now suppose that σ′ = −σ. Keep the sign σ while changing the amplitudes, and define

Ũ ′ = |a′ + σb′|p, H̃ ′ = pσ(a′)p−1b′ = −H ′.

The equal-sign case gives

|U − Ũ ′| ≤ Cp
(
|T − T ′|+ |V − V ′|+ |H − H̃ ′|

)
.

Since
|H − H̃ ′| = p

∣∣ap−1b− (a′)p−1b′∣∣ ≤ |H −H ′|,

it remains only to flip the sign of the second tuple. For c, d ≥ 0,

(c+ d)p − |c− d|p ≤ Cpc
p−1d.

Indeed, this follows from the mean-value theorem when d ≤ c. When d ≥ c, the mean-value theorem
gives the bound Cpd

p−1c, and dp−1c ≤ cp−1d because p ≤ 2. Hence in all cases the sign-flip cost
satisfies

|Ũ ′ − U ′| ≤ Cp(a′)p−1b′ ≤ Cp|H −H ′|.

The triangle inequality proves (A.15) for opposite signs.
At p = 1, if a, a′ > 0, the reverse triangle inequality gives∣∣|a+ σb| − |a′ + σ′b′|

∣∣ ≤ |a− a′|+ |σb− σ′b′| = |T − T ′|+ |H −H ′|.

If a = 0, then H = 0 by convention and U = b = V , independently of σ. Thus, when a = 0 < a′,

|U − U ′| ≤ |b− b′|+
∣∣b′ − |a′ + σ′b′|

∣∣ ≤ |V − V ′|+ |T − T ′|.

If a = a′ = 0, then |U − U ′| = |V − V ′|. The remaining asymmetric case follows by interchanging
the two tuples.
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A.4 Lewis-weight control of the low-rank term

This section bounds the empirical complexity of normalized low-rank costs. We first use the
arbitrary-sampling formulation of Cohen and Peng [CP15, Theorem 7.1] and their moment reduction
[CP15, Lemma 7.4] to extract a scalar first-moment estimate from the Lewis-weight concentration
bounds of Talagrand [Tal90, Tal95]. We then derive a scalar Rademacher bound and lift it to
Hilbert-valued linear maps by a Gaussian-mixture representation. The resulting estimate has no
dependence on the dimension of the output space.

Corollary A.7 (First-moment Cohen–Peng bound). Let 1 ≤ p < 2 and r ≥ 1, and suppose
(wi, yi)i∈[n] with wi ≥ 0 satisfy

∑
iwiyiy

⊤
i = Ir with unit yi on the positive support. Let q be a

probability distribution with qi > 0 whenever wi > 0. Put

L(x) =
∑

i

wi| ⟨yi, x⟩ |p, ℓx(i) = wi

qi
| ⟨yi, x⟩ |p, K = max

wi>0

wi

qi
,

with ℓx(i) = 0 when wi = qi = 0. For i.i.d. indices I1, . . . , Ij ∼ q, put

Pjf = 1
j

j∑
s=1

f(Is), ∆j = EI sup
L(x)=1

|Pjℓx − 1|.

There are constants Cp, cp such that, for 0 < η ≤ 1/2 and N0 = n+ r + j +K + η−1 + 2,

j

K
≥ Cpη

−2 logcp N0 =⇒ ∆j ≤ Cpη. (A.17)

Proof. Let A have rows w1/p
i y⊤

i . After deleting its zero rows, the Gram matrix in the defining
Lewis-weight equation is ∑

i:wi>0
w

2/p
i w

1−2/p
i yiy

⊤
i =

∑
i

wiyiy
⊤
i = Ir,

and the corresponding quadratic form for row i is w2/p
i ∥yi∥22 = w

2/p
i . Thus the ℓp Lewis weights of

A are wi. Moreover, L(x) = ∥Ax∥pp.
In the sampling notation of Cohen and Peng [CP15, Theorem 7.1], set πi = jqi. Since

∑
i πi = j,

their procedure draws j rows independently, chooses row i with probability qi, and scales it by
π

−1/p
i . Hence the sampled pth-power norm is

∥SAx∥pp = 1
j

j∑
s=1

wIs

qIs

| ⟨yIs , x⟩ |p = Pjℓx, min
wi>0

πi

wi
= j

K
.

Apply the moment reduction [CP15, Lemma 7.4] with ℓ = 1 and a fixed constant value of its
parameter δ. The required first-moment Rademacher bounds are supplied by [CP15, Lemma 7.2]
at p = 1 and [CP15, Lemma 7.3] for 1 < p < 2. These bounds require a target Lewis-weight scale
ū = cpη

2/ logcp N0.
The statement of [CP15, Lemma 7.4] is presented under the temporary restriction ū = Ω(1/r).

Its proof uses the auxiliary matrix from [CP15, Lemma B.1], which has O(r2) rows with Lewis
weights O(1/r). When ū < c/r, split each auxiliary row into t = ⌈C/(rū)⌉ collinear copies, each
scaled by t−1/p. This operation preserves its contribution to the pth-power norm and divides its
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Lewis weight by t, so every auxiliary copy has weight at most ū. It also leaves the Lewis Gram
matrix unchanged: if the original row is a with Lewis weight w, then the t copies contribute

t

(
w

t

)1−2/p

(t−1/pa)(t−1/pa)⊤ = w1−2/paa⊤.

Appending the sampled rows cannot increase these weights [CP15, Lemma 5.5].
Each occurrence of sampled row i carries comparison weight wi/πi. The hypothesis in (A.17)

gives
wi

πi
≤ K

j
≤ ū

after adjusting the constants and logarithmic power. This verifies the required sampling condition
in [CP15, Lemma 7.4]. The resulting augmented matrix has

j +O(r2t) = O

(
j + r2 + r

ū

)
≤ NCp

0 .

rows, so its logarithm remains Op(logN0). The auxiliary rows are used only in the comparison
argument and do not change the sampling law q. Consequently, [CP15, Lemmas 7.2–7.4] give
∆j ≤ Cpη under the condition in (A.17).

Lemma A.8 (Scalar Lewis-weight empirical bound). Let 1 ≤ p < 2 and r ≥ 1, let (wi, yi)i∈[n]
with wi ≥ 0 satisfy

∑
iwiyiy

⊤
i = Ir with unit yi on the positive support, and let q be a probability

distribution with qi > 0 whenever wi > 0. Put

L(x) =
∑

i

wi| ⟨yi, x⟩ |p, ℓx(i) = wi

qi
| ⟨yi, x⟩ |p (L(x) = 1).

Again ℓx(i) = 0 when wi = qi = 0. If K = maxwi>0wi/qi, then

EI,ε sup
L(x)=1

∣∣∣∣∣ 1
m

m∑
s=1

εsℓx(Is)
∣∣∣∣∣ ≤ CpΛp(n+ r +m+K + 2)

√K

m
+ K

m

 , (A.18)

where Is are i.i.d. with law q and Λp(N) = logcp N for a constant cp depending only on p. The
absolute value is inside the supremum, and the sampling is with replacement.

Proof. Let λp(N) = logdp N , where dp is large enough to absorb the logarithmic powers in Corol-
lary A.7, and put

∆j = EI sup
L(x)=1

|Pjℓx − 1|.

We first record a pointwise envelope. For x ≠ 0, the bound | ⟨yi, x⟩ | ≤ ∥x∥ and the inequality
p− 2 ≤ 0 give

L(x) =
∑

i

wi| ⟨yi, x⟩ |p ≥ ∥x∥p−2∑
i

wi| ⟨yi, x⟩ |2 = ∥x∥p.

Since ∥yi∥ = 1 on the positive support, 0 ≤ ℓx(i) ≤ K. Also,

r =
∑

i:wi>0
qi
wi

qi
≤ K

∑
i:wi>0

qi ≤ K,

so K ≥ r ≥ 1. The first-moment estimate in Corollary A.7 implies that

∆j ≤ Cpλp(n+ r + j +K + 2)
√
K/j (A.19)
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whenever j ≥ CpKλp(n + r + j + K + 2)2. Indeed, set η = Cpλp(n + r + j + K + 2)
√
K/j. A

sufficiently large constant in the lower bound on j ensures that η ≤ 1/2, and the term η−1 in (A.17)
changes only the logarithmic factor.

We now pass from the unsigned empirical error to the signed process. Let M+ = |{s : εs = 1}|
and M− = m−M+. Conditional on the signs, the two groups consist of independent samples from
q. Write P+

M+
and P−

M−
for their empirical averages. When both groups are nonempty,

1
m

m∑
s=1

εsℓx(Is) = M+
m

(P+
M+

ℓx − 1)− M−
m

(P−
M−

ℓx − 1) + M+ −M−
m

.

Put
L = λp(n+ r +m+K + 2), j0 =

⌈
CpKL

2
⌉
,

with a sufficiently large constant Cp. If m ≥ 4j0, then on the event {M+,M− ≥ m/4}, (A.19)
applies to both groups. The complementary event has probability at most 2e−m/16, the supremum is
at most K, and its contribution is absorbed because Ke−m/16 ≤ Cp

√
K/m in this range. Moreover,

E|M+ −M−|/m ≤ m−1/2 ≤
√
K/m. Taking expectations in the preceding decomposition therefore

gives

EI,ε sup
L(x)=1

∣∣∣∣∣ 1
m

m∑
s=1

εsℓx(Is)
∣∣∣∣∣ ≤ CpL

√
K

m
.

It remains to treat m < 4j0. Write

aj = E sup
L(x)=1

∣∣∣∣∣∣
j∑

s=1
εsℓx(Is)

∣∣∣∣∣∣ .
The map f 7→ supL(x)=1 |f(x)| is convex, and the next signed summand has conditional mean
zero. Conditional Jensen therefore gives aj ≤ aj+1. Set m0 = 4j0. Since m0 is at most a fixed
polylogarithmic multiple of n+ r +m+K + 2,

λp(n+ r +m0 +K + 2) ≤ CpL.

Choosing the constant in j0 sufficiently large makes m0 satisfy the large-sample condition with its
own logarithmic factor. The bound just proved then gives

am0 ≤ Cpλp(n+ r +m0 +K + 2)
√
Km0 ≤ CpKL

2.

By monotonicity,
am

m
≤ am0

m
≤ CpL

2K

m
.

Choose the exponent cp in the statement so that Λp(N) = logcp N dominates λp(N)2. The large-
and small-sample bounds then give (A.18).

Theorem A.9 (Lewis-weight bound for low-rank terms). Let 1 ≤ p < 2 and r ≥ 1. For i ∈ [n], let
wi ≥ 0 and yi ∈ Rr satisfy

n∑
i=1

wiyiy
⊤
i = Ir, ∥yi∥2 = 1 whenever wi > 0,
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and set yi = 0 whenever wi = 0. Let q be any probability distribution with qi > 0 whenever wi > 0,
and put K = maxwi>0wi/qi. For a linear map T : Rr → H with ST =

∑
j wj∥Tyj∥p > 0, define

hT (i) =


wi∥Tyi∥p

qiST
, wi > 0,

0, wi = 0.

Then

Rabs
m ({hT }) ≤ Cp polylog(n+ r +m+K + 2)

√K

m
+ K

m

 . (A.20)

Zero-cost maps are assigned the zero function.

Proof. We use a Gaussian scalarization of Euclidean norms. A closely related reduction from
matrix-valued (p, 2)-norm sampling to scalar ℓp sampling appears in [WY25, Lemma 3.2]. Here the
same idea represents each normalized Hilbert-valued function hT as a mixture of scalar functions to
which Lemma A.8 applies. Put

L(x) =
∑

i

wi |⟨yi, x⟩|p .

For L(x) = 1 put

ℓx(i) =


wi

qi
|⟨yi, x⟩|p , wi > 0,

0, wi = 0.

Let γT be standard Gaussian probability measure on span{Tyi}, let g ∼ γT , and set xg = T ∗g. By
(2.12), EgL(xg) = γpST . Define the probability measure

dµT (g) = L(xg)
γpST

dγT (g), x̂g = xg

L(xg)1/p
when L(xg) > 0.

Define x̂g arbitrarily on the remaining set, which has zero µT -measure. For wi > 0,∫
ℓx̂g

(i) dµT (g) = wi

qiγpST
Eg| ⟨Tyi, g⟩ |p

= wi∥Tyi∥p

qiST
= hT (i).

(A.21)

When wi = 0, both sides of (A.21) are zero. Equation (A.21) places every hT in the closed convex
hull of {ℓx : L(x) = 1}. For each fixed sample and sign vector, the map f 7→ |m−1∑

s εsf(Is)| is
convex, so its supremum over this convex hull is no larger than its supremum over the scalar class.
Therefore,

sup
T

∣∣∣∣∣ 1
m

∑
s

εshT (Is)
∣∣∣∣∣ ≤ sup

L(x)=1

∣∣∣∣∣ 1
m

∑
s

εsℓx(Is)
∣∣∣∣∣ ,

and Lemma A.8 proves (A.20).

Remark A.10 (Necessity of the K/m term). The linear term in (A.20) cannot in general be
omitted. Take n = r, yi = ei, wi = 1, and qi = 1/r for i ∈ [r]. Then K = r and the class contains
r1{i=j} for every j ∈ [r], so its one-sample absolute complexity is r.
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